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Lik e macroscopicmachines,molecular-sizedmachinesare limited by their material
components,their design,and their useof power. One of theselimits is the maximum
number of statesthat a machine can choosefrom. The logarithm to the base2 of the
number of statesis de ned to be the number of bits of information that the machine
could “gain” during its operation. The maximum possibleinformation gain is a func-
tion of the energy that a molecular machine dissipatesinto the surrounding medium
(Ry), the thermal noiseenergy which disturbs the machine Ny and the number of in-
dependentlymoving parts involvedin the operation dspace : Cy  dspacel09; % bits
per operation. This “machine capacity” is closelyrelatedto Shannon's channelcapac-
ity for communicationssystems.

An important theorem that Shannonproved for communication channelsalso ap-
plies to molecular machines. With regard to molecular machines,the theorem states
that if the amount of information which a machine gainsis lessthan or equal to Cy,
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then the error rate (frequencyof failur ) can be madearbitrarily small by using a suf-

ciently complex coding of the molecular machine's operation. Thus, the capacity of
a molecular machineis sharply limited by the dissipation and the thermal noise, but
the machinefailur e rate can be reducedto whatever low level may be required for the
organismto survive.

If youwantto undesstandlife, don't think aboutvibrant, throbbinggelsand
oozesthink aboutinformationtecinology.
— RichardDawkins [1]

1 Intr oduction and Overview

The mostimportanttheoremin Shannors communicatiortheory guaranteeshat one can
transmitinformationwith very low errorrates[2, 3, 4, 5] (Appendix20). The goal of this
paperis to shav how Shannors theoremcan be appliedin molecularbiology. With this
theoremin handwe canbegin to understandvhy, underoptimal conditions,the restriction
enzymeEcadRl cutsonly atthe DNA sequenc& GAATTC 3 eventhoughthereare4096
alternatve sequencesf the samelengthin randomDNA [6, 7]. A generalexplanationof
thisandmary otherfeatsof precisionhaseludedmolecularbiologists[8].

Unfortunatelyit is not a simple matterto translateShannors communicationsnodel

into molecularbiology. For example, his conceptsof transmittey channel,and signal do
not obviously correspondo arnything that EcoRI doesor has. Yet, a correspondencexists
betweerareceverandthis moleculesincebothchoosearticularstatesrom amongseveral
possiblealternatves, both dissipateenegy to ensurethat the correctchoiceis taken, both
mustundertale their taskin the presenceof thermalnoise[9], andthereforeboth fail at a
nite rate(Appendix21). By picking outaspeci c DNA sequenc@attern,Ecarl| actslike
a tiny “molecularmachine”capableof making decisions. Oncethe “molecular machine”
concepthasbeende ned, as bestasis possibleat present,we will begin to constructa
generaltheoryof how EcaRl andothermolecularmachinegerformtheir preciseactions.
In doing this, we will derive a formula for the channelcapacityof a molecularmachine
(or, morecorrectly the machinecapacity equation(38)). Thederivationhasseveraldistinct
stepswhich parallelShannorslogic [4]. Thesestepsareoutlinedbelow.

The lock-and-key analogyin biology drawns a correspondencbetweenthe tting of a
key in alock andthestereospeci ct betweerbio-moleculeg10, 11]. It accountgor mary
speci c interactions We will extendthis analogyto includethemoving “pins” in alock, and
thenfocuson each'pin” asif it wereanindependenparticleundegoing Brownianmotion.



To understandhesemotions,we considersimpleharmonicmotion of a particle, rst in
avacuumandthenin athermalbath. The motion of mary suchparticlessenesasa model
of how theimportantpartsof a molecularmaching(“pins”) move.

Justasary two numbersde ne apointon a planeandary threenumbersde ne asingle
point in three-dimensionadpace the setof numbersusedto describethe con guration of
themachinede ne apointin a high dimensional'velocity con gurationspace”.

We thenshow thatthe setof all possiblevelocity con gurationsforms a spherewhose
radiusequalghesquareootof thethermalnoiseenepgy. Similarspheresppeain statistical
mechanicasthe Maxwell speedistribution of particlesin agas[12, 13, 14].

Whenamoleculamachines primed,it gainsenegy andthe sphereexpands Whenthe
molecularmachineperformsits speci ¢ action, it dissipatesenegy andthe sphereshrinks
while thespherecentermovesto anew location.Because¢helocationof thespheredescribes
the stateof the molecularmachine,the numberof distinct actionsthat the machinecould
do dependson how mary of the smallerspherescould t into the bigger spherewithout
overlapping(Fig. 1). Thelogarithmof this numberis the machines capacity Becauseahe
geometricalapproachwe take is the sameas Shannors approach4], his theoremabout
precisionalsoappliesto molecularmachines Hence althoughmolecularmachinesaretiny
andimmersedn athermalmaelstromthey arecapableof taking preciseactions.

The particularway that a molecularmachinehasevolved to packthe smallerspheres
togethercorresponddo the way codewords are arrangedrelative to one anotherin com-
municationssystemg15, 16]. This suggestghat we shouldbe able to gain insightinto
how molecularmachinesvork andhow to designthemby studyinginformationandcoding
theory

2 Examplesof Molecular Machines

In Jacobs hierarchyof physical, chemical,biological and social objects[17], molecular
machinedie justinsidethe domainof biology, becausehey performspeci ¢ functionsfor
living systemsMolecularbiologistscontinuouslyunveil lovely examplesof molecularma-
chines[18, 19, 20, 21, 22] andmary peoplehave pointedout the technologicabdwantages
of building thesedevicesoursehes[23, 24, 25, 26, 27,28, 29,30, 31,32, 33]. If wewereto
consideronly onekind of molecularmachineat atime, we would missthe generafeatures
commonto all molecularmachines.Therefore throughoutthis paperwe will referto the
following four moleculamachines.

1. The geneticmaterialdeoxyribonucleicacid (DNA) canactlike a simple molecular
machine. If DNA is shearednto a heterogeneoupopulationof 400 base-pailong
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fragmentsandthenheatedor denaturedby othermeans)thedoublestrandedtructure

is “melted” into separatesinglestrands.Whenthe solutionis slowly cooled,mary of
thesinglestrandgindto acomplementargtrandandreformthedoublehelix (Fig. 2a)

[34]. Fig 2

Two characteristicsnake this reactionmachine-lile. First, a priming step(denatura-
tion) bringsthemoleculesnto ahigh enepgy state.Secondthemoleculeglissipatehe
enegy andanneato oneanotheiin areasonablyrecisewvay by usingthecomplemen-
tarity betweerbaseg435]. This“hybridization” reactioncanbemadesospeci c thatit
is widely usedasatechniquan moleculariology[34, 36,37]. Basecomplementarity
is alsoessentiato all living thingsbecausaet is the basisof nucleic-acidreplication.
For thisreasonthe degreeof base-pairingrecisionis importantin evolution.

2. TherestrictionenzymeEcadRl is a proteinwhich cutsduple< DNA betweenG andA
in the sequencéd GAATTC 3 [38, 20, 39]. A singlemoleculeof Ecarl performs
threemachine-like operationg8]. First, it canbind non-speci callyto a DNA double
helix. Second,after sliding alongthe DNA until it reachesGAATTC, it will bind
speci cally to that pattern. Third, it cutsthe DNA. In the absenceof magnesium,
binding is still speci ¢ but cutting doesnot occut so binding can be distinguished
from cuttingexperimentally Wewill focusonthebindingoperation(Fig. 2b). As with
DNA, two characteristicsnake this reactionmachine-lile. First, thereis a priming
operationn whichthenon-speci chbindingto DNA placesEcarl into a“high” enegy
staterelative to its enegy whenit is boundspeci cally. Secondthe transitionfrom
non-speci cto speci ¢ bindingdissipateshisenegy sothatEcadRl is locatedprecisely
on a GAATTC sequenceWithout a dissipationassociatedvith the speci ¢ binding,
EcoRI would quickly move away from its bindingsite. After thislocal dissipationthe
moleculeis obligedto remainin placeuntil it hascutthe DNA, or asufciently large
thermal uctuation kicksit off again.

In vivo cellularDNA is protectedrom EcadRl by theactionsof anotherenzymecalled
the modi cation methylase.This enzymeattaches methylgroupto the secondA in

the sequenc&AATTC, sothat EcaRl canno longer cut the sequence.In contrast,
invadingforeign DNAs areliable to be destryed becausehey areunmethylatedThe
methylaseis precise,attachingthe methyl only to GAATTC and not to ary of the
sequencesuchasCAATTC, thatdiffer by only onebasefrom GAATTC [40]. Soin

vivo EcaRl is exposedto mary hexamersequencethatarealmostan EcaRl site, yet
underoptimalconditiong]6, 7, 41] it only cutsat GAATTC. How asinglemoleculeof

EcaRl canachieve this extraordinaryprecisionhasnot beenunderstoods, 42, 43].

3. Theretinacontainsa protein calledrhodopsinwhich detectssingle photonsof light
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[44,45]. Uponcapturinga photon,rhodopsinbecome®xcitedandthendissipateshe
enegy. Most of the time this corvertsrhodopsininto bathorhodopsin.A chemical
cascadehenampli es the bathorhodopsifisignal” 400,000times,leadingto anene
impulse.Becausef this enhancemente canseesingle photonsof light.

Why doesnt rhodopsinrmerely“usetheenegy” to corvertdirectly into bathorhodop-
sin? This transformations not aseasyasit rst appearssincethe high enegy state
is a chemicaltransitionstatefrom which it is possibleto go backwardsto rhodop-
sin, ratherthanforwardsto bathorhodopsinRhodopsirmustmalke a “decision” about
whatto do.

4. Little is known aboutthe exact molecularmechanisnof muscles[46, 24, 47, 48].
However, we know thatthe interactionof the proteinsmyosinandactinconsumeshe
enegy moleculeadenosindriphosphatg ATP). We may thereforeimaginethat the
hydrolysisof an ATP moleculeprimesthe actomyosincomple< into a high enegy
stateso thatasthe enepy is dissipateda force is generated As with rhodopsinthe
activatedactomyosircomplex must“choose”whetherto go forwardsor backwards.

3 De nition of Molecular Machines

In eachexamplegivenin theprevioussectionaspeci ¢ macromoleculés primedfrom alow
enepy level—orgroundstate—intoa highenepy state.Thisis followedby aspeci ¢ action
thatdissipateshe enegy andperformsa functionthatis evolutionarily advantageouso the
organismthatsynthesizedhe macromoleculeTherearemary otherexamplesof molecular
machineghatfollow this pattern[18, 21]. In generalwe will notbeinterestedn thepriming
step,but ratherwith a precisemeasureof the speci ¢ actiontakenin exchangefor the lost
enegy. The measurewe will useis the numberof distinct stateswhich the machinecan
choosebetween. If the machinecan selectfrom two states,we saythatit gains1 bit of
informationper operation.Lik ewise, the selectionof onestatefrom amongs8 corresponds
tolog,8 3 bits peroperations].

1. A molecularmadineis a singlemaciomoleculeor maciomolecularcomple. In this
paperwe discusghe microscopimatureof individual moleculesnotthe macroscopic
effects of large numbersof molecules. A molecularmachineis not a macroscopic
chemicalreaction[24]. This doesnot dery thatwe canmodela solutioncontaining
mary moleculesof EcoRl andDNA (without magnesiumpy statingthatthe ratio of
speci cally boundto non-speci cally boundmoleculesis constantoncethe reaction
hasreachecequilibrium. Thisbindingconstante ects theenegeticsof theindividual



reactions(DG ), but it doesnot reveal the binding mechanisnmbecausehatis inde-
pendentof concentration.A single Ecarl moleculewill cuta singleDNA molecule
irrespectve of thenumberof otherDNA andEcadR|l moleculesn thesolution.

Supposefor example thatwe allow amacroscopisolutionof DNA andEcaRl (with-

outmagnesiumjo cometo equilibriumat 37 C. Sinceindividual moleculescontinue
to bind and disassociateindertheseconditions,machineoperationdake placeeven
aftermacroscopiequilibriumhasbeenreached28]. Thus,the operationof a single
molecularmachinecannotbe treatedas a macroscopiachemicalreactionsincethat
“stops” whenequilibriumis reached.For this reasonthe molecularmachinemodel
doesnot (andshouldnot) referto concentrations.

As McClare[24] pointedout, eadh molecularmadine actslocally as an individual.
Likewise Arrheniuset al. [31] distinguishfunctionsat the molecularlevel from bulk
materialeffects.

It is alsoworth notingthat EcaRl aloneis nota molecularmachine.Only the combi-
nationof EcaRl andDNA is amoleculamachine Lik ewise,only the combinationof
acarandaroad(or othersuitablesurface)cando usefulwork.

2. A molecularmadine performsa speci ¢ functionfor a living system.Thatis, if the
machinedid not exist, the organismwould be at a competitve disadantageelative to
anorganismthathadthe machine.Thus,a molecularmachinemustbe importantfor
theevolutionarysurvival of anorganismor it will belostby atrophy Shannorpointed
outthatinformationtheoryis unableto dealwith the meaningor valueof acommuni-
cation[2, 3]. In biology, however, we work with the closelyrelatedconceptof func-
tion and usefulnessfactorswhich are ultimately de ned by naturalselection. This
part of the de nition is importantfor accountingfor the precisionof molecularma-
chines. Without a requiremenfor function, precision—orary othernon-deleterious
property—doesiot matter just asnobodycareswhetheror not a caron a junk heap
works. With a requirementor function,the very survival of the organismis it stale.
In practicalterms,the requiremenfor precisefunction dictatesthat the statesof the
moleculamachineshouldbe distinctandhencethatthe spheresepresentetly gum-
ballsin Fig. 1 shouldavoid overlap.

This de nition encompassesiachinesthat operateoutsidecells, suchas digestion
enzymesandmachinesreatecdentirelyby humangd25, 30].

(EvenaRubeGoldbeg! molecularmachines functionwould beto amuseto educate,
or to attemptto evadethis de nition.) Unlike simplechemicaldik e water molecular

1The Englishequivalentis HeathRobinson.



machinesare usuallyencodedy a geneticmaterialand have the potentialto evolve
by naturalselection.

. A molecularmadineis usuallyprimedby an enegy souice Theseincludenot only
photonsand ATP, but alsothermalmotions—asn the caseof EcaR| separatingrom

abindingsite. (DNA heat-denaturatiois anarti cial methodthatonly appearsn the
laboratory Naturalpriming mechanismsisuallydo not usethis macroscopiheating,
althoughthey frequentlyusethe “microscopicheating” provided by thermal uctua-

tions.) Priming placesthe machinein anactvatedbefore statewhereit is readyto do
work. The before statecorrespondso the large spherethat encaseshe gumballsin

Fig. 1.

The act of priming is usually but not always, requiredfor a molecularmachineto
operate.For example,just aftera nev moleculeof Ecarl hasbeensynthesizedit is
readyto operatesventhoughit neverwasin alow enegy statebefore.

. Amolecularmadinedissipate®negy asit doessomethingpeci c. This phaseof the
machines cycleis calledits operation. Oncethe operation's completedthe machine
is in an after state,which is representedy a single gumballin Fig. 1. Sincethe
machineis always subjectto thermalnoise, an after stateconsistsof the setof all
possiblemotionsthata single molecularmachinecould have at low enegy. We will
call this setan ensemble Lik ewise the before stateconsistsof the setof all possible
motionsthata singlemoleculamachinecouldhave athigh enegy, andthisalsoforms
anensemble.

. A molecularmadine “gains” information by selectingbetweentwo or more after
states. For example, EcoR|l choosesone patternout of 4 4096 possiblehexa-
nucleotidessoit gainslog,4096 12 bits of informationduringits operation.Mea-
surementof the amountsof information gainedby geneticrecognizershave been
describedn previouspaperd49, 50,51].

. Molecular madinesare isothermalenginesnot heatengineq52]. They areobliged
to operateat a singletemperaturdecausehey do not have ary way to insulatethem-
selesfrom the hugeheatbaththatthey areembeddedn. However, they canusea
priming enegy to changetheir conformationto a more e xible one. This is essen-
tially a controlledform of denaturation After priming, any excessenegy is quickly
dissipated|eaving the moleculetrappedin a e xible before stateat the ambienttem-
peratureln this statethe machines like a“frustrated” physicalsystem53] randomly
searchingthroughvarious conformationsto nd the correctone for the operation.



Whenthis is found, the formerly inaccessibldi.e. potential)enegy is quickly dis-
sipatedleaving the moleculeonceagainat ambienttemperature. This modelallows
for the evolution of a molecularmachinefrom primitive beginningsbecausehe en-
engy is capturedby a denaturationyhich is simpleandeasyto achiare. The model
doesnotrequireary form of molecularinsulationor specialvibrationalmodeswhich
would bedif cult if notimpossibleto evolve.

This papershaws that the numberof partsof a machine the enegy dissipatedper op-
erationandthethermalenegy in the machinedeterminethe largestamountof information
a molecularmachinecangain (equation(38)). This “channelcapacityof a molecularma-
chine” (or, more accurately“machinecapacity”)is measuredn bits per operation,where
onebit is the amountof informationnecessaryo choosecleanlybetweentwo distinct ma-
chinestates.This paperdemonstratethatalthoughthe machinecapacityis sharplylimited
by theamountsof dissipatiorandthethermalnoise,theaccurag of the machineis not.

4 Lock-and-KeyModel of a Molecular Machine

The stateof a moleculeis de ned by the positionsandmotionsof its atoms. To determine
the locationsof the n atomsin a molecularmachine,we rst de ne a coordinatesystem.
Threespatialcoordinatesareneededo locateeachatom,sowe need3n numbers.In mary

casesvewon't careif themoleculeis tumblingor moving throughspacesowe canaf x the

coordinatesystemto the molecules centerof massandignorethe six numberghatdescribe
the coordinatesystems orientationand positionin space.Sofor the positionswe needno

morethan:

dspace 3N 6 (1)

coordinatenumbers(Assumption 1).2 Thesecoordinatesare called“degreesof freedom”.
We alsoneeddspace NUMberdo describethe velocities.

A molecularmachinecanonly useafew of thesedegreesof freedombecausemary of
the atomsarerequiredas structuralcomponents.In this context it is usefulto extendthe
lock-and-ley analogyof biologicalinteractiond10, 11]. A key opensa pin-tumblerlock by
moving a setof two-partpinsto positionswhich allow the two partsto separatavhenthe
key is turned[54, 55. Thewrongkey will leave oneor morepinsin a positionthatblocks
theturning,andthiswill preventthebolt from beingreleasedAssumption1 is thatwe only
needto accountfor the motionsof clustersof atoms—themolecularmachines “pins”—in

2The assumptionsre listed in section17 after equation(38). Only after the capacityformula hasbeen
constructeccan we determinethe consequencesf relaxing eachassumption.In most casesequation(38)
remainsthe upperboundon the machinecapacity



orderto describats operation.Likewise, it is not necessaryo keeptrack of theindividual
atomsin alock in orderto understandhow it works.

A second,closely relatedassumptionis that the partsof a molecularmachinemove
independentlyAssumption 2). Likewisethepinsin alock moveindependentlyYetbecause
of thedesignof alock, thebolt canonly moveif thepinsareall alignedcorrectlyby thekey.
Thus, althoughthe individual pins are independentthey must“cooperate”for the lock to
open.If two pinswerenotindependenthenit would beeasietto pick thelock, andit would
notcarryasmuch“protective” informationbecaus@nepin couldbe setandthe positionof
the otherwould be determined For example,two pinsfusedtogethemwould actasonepin.
Thus,in this analogy dspace refers to the numberof “pins” usedby the molecularmadine,
whichis quitelikely to be muchsmallerthanthe degreesof freedom:

dspace 3n 6 (2)

Thatis, theimportantdegreesof freedomarenot all of the degreesof freedomof the mole-
cule,but only thosedirectly involvedin the machineoperation We only needto accountfor
theseto describethe machines operation. Estimatesof n anddspace for rhodopsinwill be
discussedater.

5 A Simple Harmonic Oscillator in a Vacuum

To demonstratéhe methodusedin this paper we rst investigatethe enegeticsof an os-
cillator which executessimple harmonicmotion aroundits meanpositionwithout external
interferences:

ht acoswt f 3)

whereh t is the position of the oscillator as a function of time t, a is the amplitudeof
oscillation,w is thefrequeng of vibration,andf is the phase.This modelsthe motionof a
singlemoleculamachine‘pin”. If we choosea aw, thenthevelocityis simply:

dht .
VA g rsinwt f 4)

Thevelocity hastwo independenEouriercomponent$56] with amplitudes< andy:

vt xsinwt ycoswt (5)

Fromthetrigonometricidentitysin A B sinAcosB cosAsinB andequationg4) and
(5) we immediately nd thatx r cosf andy r sinf. Fig. 3 representshesequantities Fig3



graphically On this graph,the point x y completelyde nes the stateof the oscillatorat
ary timet. It is importantto keepin mindthatx andy haveunits of velocity

In this paperwe usethe Fourier componentsx y ratherthanpolar coordinatesr f
becausdhe Fourier descriptionis symmetrical(x andy have the sameunits of velocity)
whereagolarcoordinatesrenot (they have unitsof velocity andangle).

Theenegy of theoscillatorcanbe foundfrom the maximumvelocity andthe mass:

E  IMfax (6)

[57]. Thetotal enepgy is alsothe sum of the enegies of the two independensinusoidal
componentsn equation(5) [58], andsinceaccordingto equation(4) Vmax I,

E im? im@¢ imy 7)

SO
r? Xy ®)
This equationshows thatin a vacuum,wherethe total enegy E is constantthe radius
r is constantandthe locusof the point x y is acircle. Thatis, at a givenenegy the set
of all possiblephaseanglesf describesa circle of radiusr % in a two dimensional

velocityspacewhoseaxesare the amplitudesof the two independenEourier componentsf
theoscillator.

6 A Simple Harmonic Oscillator in a Thermal Bath

If asimpleharmonicoscillatoris immersedn athermalbath,thenimpactswith neighboring
atomschangehe phaseandenegy in anirregularway. Equipartitionof enegy betweerthe
oscillatorandthe bathimplies that eachindependenEourier componenbf the velocity in

(5) hasa Boltzmanndistribution [14]:

fx e 9)
s 2p
and L
fy ——e®2 (10)
s 2p
where
Ex im¢ and E, imy (11)
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Themeaningof s will bediscussedbelon. We usethe Boltzmanndistribution to introduce
thermalnoiseinto our Newtoniandescriptionof anoscillator Substitutingrom (11) into (9)
and(10)gives:

1
fx 5o mx 45* (12)

and
fy L g mpas (13)
s 2p

sothe velocitiesx andy have a normalor Gaussiardistribution with a standarddeviation
proportionalto s. Sincethe oscillatoris surroundedy a hugethermalbath andimpacts
from the batharenot predictable the changesn motion of the oscillatorare probabilistic.
Maxwell's classicaimodelfor the velocity distribution of moleculesn anidealgasalsouses
aGaussiarvelocitydistribution[12, 13, 14]. Thenormaldistributionis graphedastheD 1
cunein Fig. 4.

Whatis theprobability f x y thattheoscillatorwill have thevelocity components and
y? Sincex andy areindependentyve maywrite the probabilitydensityas

1 2 2 42 1 2 42
fxy fxfy —322pe mx® y° 4s —322pe mre 4s (14)

wherer x2 y?isthedistancen velocity spacerom the origin to the point x y , asin
Fig. 3. The probabilityof nding thatthe oscillatorhasvelocitiesin a smallregion dxdy is
f x y dxdy. Sincedxdy rdrdf [59] we canconvertto polarcoordinates:

f xy dxdy %re mr? 45?4 if (15)

Thetotal densityattheradiusr in aninterval dr is therefore

O ) 1 2 4e2
fo r dr ———re M S7drdf  —re ™ *7dr 16
2 0 S22p s? (16)
The subscript'2” in “f, r ” indicatesthat two Gaussiardistributionswere usedto obtain
thedensitydistribution. This “Rayleigh” distributionis graphedastheD 2 curwein Fig. 4
andshovn asasmoothgrey scalein Fig. 5. Noticethatthedistributionis radially symmetric
andthatthedensityin athin ring aroundthe origin approachegeroattheorigin sincer 0
there.
We foundin the previoussectionthatwhenanoscillatoris in avacuumthetotalenegy is
constansothattheradiusr is constanandthesetof all possiblestateswvith enegy r? is rep-
resentedy acircle. In a heatbaththe oscillatorcanexchangesnegy with the surrounding

11
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mediumandthedistributionis morespreadut, accordingio the Rayleighdistribution. This
“open” descriptionof a simpleharmonicoscillatorallows for enegy andphasechanges.

7 A Simple Molecular Machine in a Thermal Bath

We will assumehatthe enegiesin theindependentpins” of a molecularmachineform a
Boltzmanndistribution (Assumption 3) soeach*pin” actslike asimpleharmonicoscillator
in athermalbathand

D 2dspace (17)

numbersarerequiredto describethe machinevelocitiesbecauseach“pin” hasa phaseand
anamplitude(i.e. two Fouriercomponents andy). At agivenmomentheenegy of the jt"
such“pin” components determinedy its velocity andthe “pin's” mass:

E; %mjvjz (18)

So that we will be ableto easily compare“pins” with different massesve combinethe
velocity with the squareroot of the massto de ne anew variable:

yi (19)
Theassumptiorthatenegiesof the“pins” have a Boltzmanndistributionimpliesthat
fyj ep DbE z (20)

wherez is the “partition function”, z ¥¥ exp bEj dy; [14]. Dividing by z assuresis

thatthe probabilitiesf y; sumto 1. b kg T L wherekg is Boltzmanns constanand T

is theabsoluteaemperatureComparing(20) to (9), we nd b % sos?  1kgT.
Substitutingfor the enegy by using(19) we nd that

fyj ep by? z (21)

The form of this equationshows that the setof y; normalizedvelocity componenthave a
Gaussiardistribution.

8 Y Space: A High Dimensional Model of Molecular Ma-
chines

By placingthe magnitudesf theindependeny; numbersatright anglesto oneanotheywe
form the coordinate®f asinglepointin aspaceof D orthogonaldimensionsTo paraphrase

12



Shannon:“Essentiallywe have replaceda comple< entity (the velocity con guration of a
macromolecule)n a simple ervironment(three dimensionalspace)by a simple entity (a
point) in a complex ervironment(D dimensionakpace)’[4, 60]. The spacede ned by all
possiblevaluesof y; is calledY space.

Thereademay feel that sucha high dimensionakpaces dif cult to think about. For-
tunately it is always possibleto visualizethe two or three dimensionalcases. We have
alreadydonethis for the 2D oscillator It is alsoworth keepingin mind thata pointin a
D-dimensionakpacds de ned by nothingmorethanalist of D numberd61]. For example,
alock with 10pinsis a20dimensionamachinebecaus0numbersareneededo de ne the
positionsandvelocitiesof the pins. Usinga high dimensionakpacesnormouslysimpli es
the problemof understandingnolecularmachinesecausen sucha spaceboththe before
andafter statesof the machinearerepresentedly hollow spheres.

9 The Energeticsand Distrib ution of Molecular Machines
in'Y Space

Our next taskis to determinethe distribution of all possiblemachinecon gurationsat a
givenambientemperatureFromhereonwewill nolonger bediscussingustonemolecular
velocitycon guration, but ratherthe entiresetof con gurationsthat satisfythe distribution
givenby (20). This collectionis calleda molecularmachine‘ensemble”or a “state” of the
machine.Theprobabilitydensityin Y spaces theproduct(()) of theindividualindependent
probabilities:

D
fyi yy wyw QOfy; (22)
i1

Usingequation(20) this becomes

D
fy. yj Yo ep bAE Z ep bN, 2P (23)
i1

whereNy is thetotal thermalnoiseenegy in the“pins” of themoleculamachine If instead
of using(20), we combine(21) with (22) we obtain

D
fyi yj wyo ep bdy? 2
i1

exp bry#? 2 (24)

wherewe have usedthe Pythagoreamheoremto collapsethe D orthogonaIyJ2 valuesinto a
singlevariable,ry, which is theradial distancefrom the origin to oneof the possiblepoints

13



describingthe motionsof the machine.Comparingequation(23) to (24) shavs that:
ry Ny (25)

The Boltzmanndistribution we have assumedor the “pins” impliesthatthe partsof the
machineare at equilibriumwith eachother At equilibrium the machineis not dissipating
enegy andthe thermalnoiseNy is roughly the samefor every possiblecon guration. So
ry is alsoroughly constant(Appendix 22). Sincea constantdistancedoesnot imply ary
particulardirectionin spacethe setof possiblemotionsof the madine form a spheein Y
space

Shannorcalled suchspheressharply de ned billiard balls” [4], but perhapghe ping-
pongball is amoreaptanalogybecauseat high dimensionsnostof the densityof a sphere
is closeto the surface. This is demonstratedn Fig. 4, whereone can seethat at higher
dimensionghe spheredensitybecomesightly focused.The deriation of the distributions
for the higherdimensionss givenin Appendix22.

Brillouin [62, 60] gave the following simple proof of this curiousproperty Justasthe
areaof acircle is proportionalto the radiussquaredandthe volumeof a sphereas propor
tional to theradiuscubed the volumeof a D-dimensionakphereof radiusr is proportional
to theradiusraisedto thedimensiorD:

Nll]

v ——— P (26)

G 1

N0 ©

whereGis thegammafunction[63, 4, 64]. Takingthe derivative givesus

[Nllo]

P
dv GgilDrD dr (27)
anddividing (27) by (26) gives
dv dr
v D— (28)

This equationrmeanghatafractionalchangdn theradius(dr r) is magni ed by thedimen-
sion(D) to getthefractionalchangen thevolume(dV V).

Evenfor a small molecule,D canbe enormous. For example, Warshel[65] modeled
the light-activated“switch” in rhodopsin,11-cis retinal, with 200 vibrational modes. To
emphasizdahe potentialfor high dimensionswe will nd a minimum for the numberof
dimensionsieededo describehe motion of this vitamin A derivative. A minimumnumber
of atomsto modelwould be the 20-carborbackboneof retinal,son 20, dspace 54 and
D 108.
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Is this enoughto createa sharplyde ned sphere? Supposehe radiusof the sphere
describingretinalis 11in Y spaceunits. (It doesnt matterwhattheseunits are,sincethey
cancelin Equation(28).) Thenasthe radiusincreasedrom 10 to 11 units, the volume
increasedy ‘”\',—V 108 %) 11 fold. More than \% 90% of the volumeis already
concentrateth the outer10%of the sphere.

Our estimatefor n is conserative becausave did notincludethe 28 hydrogenatomsin
retinal nor ary partof the 39,048Dalton opsinproteinto which retinalis attached66, 67],
nor the surroundingwater and membrangwhich undoubtedlyhave importanteffects on
molecularmotions[68, 69]). Thereare5511atomsin rhodopsinsofor rhodopsinaloneD
couldbe ashigh as33,054.Not all of theatomscanbedirectly involvedin the mechanism
(Assumption 1), but it is clearlypossiblefor the numberof dimensionsisedby themachine
to belarge.

Exactcalculationof the spheredensityasa functionof radius(Appendix22) shows that
thespheresurfacebecomesharplyde ned athigherdimensiongFig. 4), sotheentiresetof
possiblemotionsof evena smallmolecularmachinearewell depictedoy a ping-pongball.

10 Simulation of High Dimensional Spheres

We cangeneratehesphere®othby numericakimulationandanalytically Thetwo methods
areillustratedtogetherin Fig. 6. For a numericalsimulation,the motionsof a molecular
machinewould be determinedoy the techniqueof moleculardynamicg[70]. If the “pins”
have beenidenti ed—which probablyrequiresunderstandinpow themachinevorks—then
we could obtaina setof y;. Whenthe machinepartsareat equilibrium, theseshouldhave
independenGaussiandistributions (Assumption 2, Assumption 3). So insteadof doing
moleculardynamics,we canuseany setof real numbershaving a Gaussiardistribution.
Theseareeasily createdby addingtogethemary pseudo-randomumbershathave a at
distribution [71]. The centrallimit theoremassuresis thatthe resultingsumapproaches
Gaussiardistribution[72]. A setof D suchnumberdormsthe pointin Y space.

To seewhat the distribution of thesepointslooks like, we can mapthe sphereonto a
plane. The methodis equivalentto moving cities from their particularlatitudesandlongi-
tudeson a globeto theirlongitudesat the equator In Fig. 6 we have mappe®-dimensional
Y spacepointsonto the pageby this method. From equation(24) the radial distancefrom
theorigin to apointin Y spaces givenby:

D
v av? (29)
i1
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Whens 1,thedistributionhasamaximumatryna,x D 1 (Appendix22),sotheradius
wasnormalizedoy dividingby D 1. Thedirection(angle)of eachpoint wasarbitrarily
takenfrom two of they; coordinates.

To graphthe correspondingmoothanalyticfunction, we chosepointson the pageand
determinecheir distancefrom the origin to obtainry. We then nd the probability density
directlyfromthe fp r functiongivenby equation(48) of Appendix22.

Fig. 7 shavs the correspondencketweernthe simulatedpointsandthe smoothanalytic ~ Fig 7
function. As the dimensionalityincreasesthe spheredvecomesharper The concentration
of pointsat a particularradiusis a consequencef the enormouslyincreasingvolume as
the radiusincreasesn higherdimensions.So, althoughthe densityis highestin the center
accordingto equation(24), the majority of pointsarefoundfar from the center

11 Thermal Noisein Y space

An oscillatorin equilibriumwith athermalbathhasan averageenegy of kg T joules[14].
Sincea molecularmachinehasdspace “pins”, eachof which is assumedo be equialentto
anoscillator thetotal enepgy is

Ny ksT dspace (joules) (30)

This expressionalsogivesthe averageenegy of a moleculewith dspace degreesof freedom
[13]. Fromequationg30) and(17) we seethat

Ny 31ksT D (joules) (31)

so eachof they; variableshasan averageenegy of ikgT. Combiningequation(30) with
equation(25),we nd
ly KgT dspace (32)

Thus,thermalnoisedisplaceghe con guration of the machineaway from the spherecenter
by anamountelatedo theabsolutdemperaturefor thisreasorwe mayregardthegumballs
of Fig. 1 asrepresentingthermalnoisespheres”.

12 Location of Spheresin Y Space

Thesquae of adistancein Y spaceis equalto theenegy requiredto traversethat distance
Supposeéhattherearetwo after statef themachine (Thatis, two gumballspheres.)f the
distancerom the rst stateto the secondstateis big enoughthenthevelocity con guration
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of themachine—whichs representely a point—would almostnever beableto jump from
one sphereto the other and the two sphereswvould be separatedy an enegy “barrier”.
On the otherhand,if the distancebetweenthe spherecentersweresmall, the two spheres
would be connectecandthe machinewould often have enoughthermalenegy to make the
transitionto the otherstate.

An analogyis usefulto seehow the statescould becomeconnected.Supposéhat we
have a coin lying in atub. Therearetwo states,headsup andtails up. A certain x ed
minimum amountof enegy is requiredto lift the edgeof the coinin orderto ip it over.
If we startto vibrateandshale the tub, thenthe probability thatthe coin will switchto the
othersideincreasesl|f we successiely replacethe coin with eachof the 5 regular Platonic
solids—tetrahedrof¥ sides),cube(6 sides),octahedror{8 sides),dodecahedro(il2 sides),
andicosahedrori20 sides)—whilekeepingthe masshe samethenswitchingbetweersides
(states)pecomesncreasinglyeasy With moreintenseshaking,the statesalsobecomeess
andlessdistinct.

The tub vibrationscorrespondo the temperaturewhich determineghe radiusof the
molecularmachines spheresaccordingto equation(32). Thus, at highertemperatureshe
sharplyde ned spheresverlapandthe statesareno longerdistinct. A molecularexample
is the heatdenaturatiorof doublestrandedNA.

Specifyingthelocationof thecenterof aspheran Y spacespeci estheaveragecon gu-
rationof themoleculerelative to otherpossiblecon gurations.To beableto discussseveral
spheresatonce,we canrepresenthe shapeof theY spaceensemblevith avectornotation:

y s Ny (33)

The centerof the sphereis de ned by a vector s Sy Sj Sp , While the in-
stantaneousadius of the current point on the sphereis de ned by the vector Ny
Y1 Yi yp . The magnitudeof Ny is givenby ary of the relations(25), (29), (32)
or
Ny Ny (34)

Thesj andy; variablesplay importantrolesin this paper sincethey correspondo the
signal samplesShannonusedin his theory The setof variablesthat de ne the centerof
eachspheres;, playsthepartof DC voltageswhile they; correspondo AC voltagesdueto
thermalnoise(Appendix21).

13 Molecular Machine Operations

Sofar we have modeleda molecularmachingjiggling at equilibrium, andwe foundthatit
canbe representedby a spherein Y space.Now let's investigatewhat happensvhenthe
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machineoperates.Recallour four examplemachines.For DNA an operationmeansbase-
pairingor hybridization for ageneticrecognizetike EcoRI it meandocatingabindingsite,
for rhodopsinit meansswitchingto bathorhodopsinandfor muscleit meanscontracting.
We saythat“information is gained” whenamachinechangeg$rom anindeterminatestateto
amoredeterminedstate.Decreases thermalmotion correspondingo machineoperations
have beenobsered in mary molecularmachineq18, 73]. In eachcase,a corresponding
enegy decreasallowsaspeci c actionto betaken. Thus,rhodopsirdissipatesheenegy of
aphotonto changestategd65, 74, 75] andactomyosindissipateshe enepgy of ahydrolyzed
ATP moleculeto generatemotion [24, 47]. When DNA becomesdouble-strandedi34],
or whengeneticrecognizersstick to their binding sites[76, 77, 8], their rangeof motion
becomesestrictedby alower potentialenegy.

We only needto considertwo enegetic statesof the machine[8]. Beforean operation,
a machinehassomespeci c amountof enegy, while afterwardsit hasa smalleramount.
How the machineattainsthe activatedbefore state(i.e., “priming”) is outsidethe scopeof
our considerationsthoughwe may note that a photondoesthis for rhodopsin[74], and
ATP hydrolysisdoesit for actomyosin47]. Evenlarge (but rare)thermal uctuations can
causethis priming, sincethey canfree repressorandotherproteinslike EcaRl from their
binding sites[76]. Likewise,DNA strandsmaybe separatearti cially by heatandchemi-
cal denaturantsor naturallyby helicaseausing ATP, while basesncorporatednto growing
nucleic-acidchainsarealreadyseparate.

14 The before and after statesin Y Space

Let usnow considerthe enegeticsof the two statesof EcoRI. Whenthe moleculeis bound
to its sitesin the after state its “pins” have anenegy determinedy thethermalnoise.Each
possiblecon guration of the machines representetdy a pointin Y spaceandthe setof all
suchpointsformsa sphereof radius

Fafter Ny (35)

accordingto equation(25).

In the before state,EcaRl musthave aninternalenegy higherthanit doesin the after
stateorit couldnotstickto thebindingsitein theafter state. Wewill calltheextraenegy Py,
sothatthetotal enegy beforeis B, Ny. R, is theenepgy differencebetweerthe states.We
will assumehattheenegy P, Ny is equallypartitionedbetweerall thedegreesof freedom
opento the molecule(Assumption 4). This is reasonabldor EcaRl sincein the before
stateEcaRl wanderdy Brownianmotionalongthe DNA. Only whenEcaR| encountershe
sequenc&AATTC cantheenepgy Py, bedissipated Assumption 5).
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In'Y spacethecon gurationof themachinds representedsanoisyvectordisplacement
from thespherecenter(equation(33)). If we addanenegy P, to themachinetheeffectin'Y
spaceis to adda vectorP, of magnitude R, to thenoisevectorNy. But in thehigh dimen-
sionalY spacemostof this additionalnoisy enegy will be directedat 90 to the original
noiseenegy becaus¢herearesomary possibledirectionsin thespace For example,if one
werein the centerof a threedimensionalglobelooking north,2 3 of the noisewould be at
90 to thedirectionof sight. Likewise,if D  100,then99% of the noisewould be at right
anglego ary givendirection.

Therefore,asshown in Fig. 8, the two vectorsR, and Ny form a right triangle, whose

hypotenusés P, Ny accordingto the Pythagoreaitheorem.Sinceboth P, and Ny may
pointin ary direction,the before stateis representedy a sphee of radius

INbefore RNy (36)

with anenegy rZ,. PR, Ny, whichis the total enegy thatwe de ned initially. It is
dif cult to seethis geometryin threedimensions.

15 Machine Operationsin Y Space

Oncethe machinedissipatesneny, the vectorR, becomesa speci c directionrelatingthe

before andafter states.Referringto Fig. 8, we seethatthe before spherehasits centerat

point O, while the after spherehasits centerat point B. In this two-dimensionabliagram,
the after spherds representedly theline segmentthatextendsfrom C to A. (The after state
is still spherical but the two-dimensionatliagramcannotshaow it. In threedimensionsthe

after spherewould be representedby a circle at a particularlatitude on a globe.) Because
of the high dimensionalitymostof the after spheres “ attened” at 90 with respecto the

speci cdirectionof R, whichis shavn asOB in the gure.

Therefore the machineoperationcorrespondso the motion of the spherecenterfrom
O to B with a concomitantcollapseof the radius,andlossof enegy Py to the surrounding
medium.

Sincesrepresentthe averagecon guration of themachinea change in the sphee cen-
ter, Ds R, correspondgo a change in theaverage physicalcon guration of themolecular
mading, anddifferentdirectionsand magnitudesof R, in Y spacecorrespondo different
statechanges Furthermorethe locationof a small after noisespherewithin the larger be-
fore sphererepresent®nly one of several possiblestatesof the machinesincetherecan
be several non-intersectingfter sphereg78, 79, 18]. Placementf the spheresaccording
to equation(33) is called the molecularmachines coding schemebecausehe packingof
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spheresn spacecorrespondso thearrangemendf codewordsin acommunicationsystem
[15]. Thetotal dimensionalityD, determineiow sharp-edgethe spheresire,andsothis

controlsthe intensityof thethresholdeffectsif two sphereoverlap[4]. Thus,the precision
of a molecularmachinedepend=on its size. If the machineis big enough(n 1), then
the noiseis predictablebecausdd may becomeso large that spheresare sharp-edgedBy

evolving to be big, even single moleculescan have macroscopicstability. If the machine
containsenoughindependentomponentsthenthe spheresnay alsobe placedaccurately
in the spaceof D dimensionssothatthey just barelymisscontactingeachother Thus,the

machinecanhave distinctafter states.However, sincethe spheresarede ned by a smooth
analyticfunction (fp r , equation(48)), they always overlap andthereis alwaysa small

probability thata machinein oneafter statecanjump into anotherafter state. The rate of

suchtransitions(or incorrecttransitionsirom befoee to after) is theerrorrate.

Of course,simply increasingthe numberof atomsin orderto raisethe dimensionality
doesnotguarante@accuratglacemenbf thespheresHowever, thenumberof “pins” canbe
increasedluringevolution of themachine sothe placementouldbere ned. Thissuggests,
for example thatmary of theaminoacidsin alarge proteincould have subtleeffectson the
sphereplacementaindcoding[42]. Theseeffectscould be missedby corventionalgenetic
approacheshat are basedon the premiseof nding “the” major recognitionfactor For
example,recentX-ray crystal structuredeterminationof a tRNA synthetasdoundto its
cognatetRNA [80, 81, 82] suggestshatthe completesetof tRNA recognitionfactorsis
spreadover a large surfaceof both moleculeg83] (asonewould expectfrom this theory)
ratherthanconcentratedh theanti-codonor othersmallregions.

We shouldemphasizehatthe con gurations(pointsin Y space}thatwe have beencon-
sideringarein eitherthe before or the after states. We have not looked at con gurations
during the operation.Sincethe enegy changesiuring an operation,a setof suchcon gu-
rationsmustconnecthe before to the after spheresAs we will seein the next sectioniit is
to our advantageto focusonly on the simple sphericalbefole andafter statesfor together
thesecharacterizevhatthe machineis ableto do.

16 Derivation of the Machine Capacity

How mary distinctafter statescantherebe? Certainlythe largestnumberof distinctstates
that the machinecould have after dissipationof its enegy cannotbe biggerthanthe max-
imum number My, of small after sphereghat canbe pacled into the volume of the large
before sphere assuggestedby Fig. 1 (Assumption 6, seealsothe secondpart of thede -
nition of molecularmachines]15, 61]. We obtainthis by dividing the volumeof thelarger
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sphereby thevolumeof asmallerspherd4]:

stpace
Vbefore F)y Ny

Vatter Ny

My (37)

usingequationg26),(36), (35), (17),andthefactthata spherevolumeis proportionalo the
radiusraisedto the dimension(D) thatthe spheras embeddedn. The “machinecapacity”
is the maximuminformation,log, My, thatcouldbe gainedduringthe operation2, 3, 5, 4]

R

Cy 1og,My  dspacelog, (bits peroperation). (38)

y
Aside from a constandueto the natureof the differentsituations this equationis iden-
tical in form to Shannors famouschannekapacityformula(equation(45)in Appendix20).
In Appendix21we discusshow Shannors precisiontheoremappliesto the caseof molecu-
lar machinesandin Appendix23 we discussa moregeneralderiation.

17 Assumptions

Assumption1l Only someof the atomsin a molecularmadine are involvedin an opera-
tion. For example,if the ip of atyrosinering in bovine pancreatidrypsininhibitor hasno
function[70] or effect on spheresharpnessr placementhendspace is effectively lessthan
3n 6. In this paperdspaceis takento referonly to the numberof spatialdegreesof freedom
involvedin the operation.Evenwith the restrictionof equation(2), dspace canstill be large
in atypical macromoleculeso(38) still applies.

Most proteindynamicsarewell modeledwith justthe locationsof the nuclei,andquan-
tum correctionsare small at 300K [84, 85]. If quantumeffects were usedin a machine
operationdspace Would be givenby the numberof independenparametershatarerequired
to describehesystem.

Two independentpins” neednot have the sameimportanceto the organism. If we
useinformationcontentasa measuref “importance”,we canseethatthe “importance”of
variousbasesn a bindingsiteis stronglydependenbn the positionin the site[49, 50, 86].
Likewise, onepin in alock could have more“importance”thanotherpinsif it usedmore
distinctlevelsthantheothers.

Assumption2 Theimportantparts of the molecularmadine move independently In the
lock-and-ley analogythis assumptioris thatthe pinsof thelock moveindependentlyf one
another However, it is possiblefor onepartof a molecularmachineto affect the motionsof
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its neighbors.In communicationsherearesimilar phenomeng4]. Regionsof atelevision

picturearecorrelatedo oneanothey andeachframeis often similar to the next. Shannon
pointedout thatthis simply reduceghe numberof independenparametersSo correlations
betweerpartsof themachineeffectively reducethedimensionalityoy con ning themachine
to surfacesn Y spacelf thedimensionalityis reducedthenC, remainsthe upperbound,as
canbeseenfrom equationg37) and(38).

This assumptiorhasa biologicalrational. It assertghatthe component®f a molecular
machinecanbecomeandependenthroughnaturalselection.For example,whereit is impor-
tantthattwo successie aminoacidsin the chainof a proteinmove independentlyo satisfy
theprotein'sfunction,mutationalinsertionsn thegenefor theproteinwill conferaselectve
adwantage.Eventuallya e xible sgmentmay evolve that allows the aminoacidsto move
nearlyindependently

Thelinearstructureof bindingsitesonnucleicacidssuggestshatpartsof thebindingsite
recognizercould operateindependentlyn the samesensehatlock pins areindependent.
Threelines of evidencesupportthis idea. First, it is possibleto train a linear perceptrorto
identify ribosomebinding sitesandsplicejunctions[87, 88, 89]. Second,t is possibleto
predicttheamountof translationalnitiation usinga linearmodelof the 12 basegreceding
andincluding the rst baseof the initiation codonof ribosomebinding sites[90, 91, 92].
Thereare similar datafor the Cro, | andlac repressombinding sites[93, 94]. Third, the
contribution of individual aminoacidsto the total associatiorfree enegy betweerproteins
hasbeenfoundto beadditivein anumberof caseg95, 96]. Thesucces®f theseapproaches
suggestshatatleastsomepartsof moleculamachinesxhibit independencandthatfurther
experimentawork mayallow usto mapthelocationsof the “pins”.

It is possiblethat a transformatiorof the descriptve variablesis requiredto reveal in-
dependencelFor example,if the transformationnvolvedin harmonicanalysisprovidesa
goodmodelfor a particularmolecularmachine[57, 97, 98, 99, 100,101, 85, 102]thenthe
modesareguaranteedo be independentandthe equipartitiontheorem[14] guaranteeghat
theenepy is evenly distributedoverall 3n 6 modeq103]. A moleculatmachineneednot
useall of thesemodes.

The independencassumptiorhas a curious consequence.Sinceits componentsare
independentthe machineis modeledasanideal gasin Y spaceanda machineoperationis
representedly the collapseof thisgas.Theentrofy decreasés simply thelog of theratio of
the volumes(equation(37)), asin classicalthermodynamic$l3]. The decreasén entropy
of themoleculamachines proportionatto theinformationit gains.

Assumption 3 Theenegeticsof molecularmadine component$‘pins”) are describedy
a Boltzmanndistribution [14, 97, 62]. Thisis equivalentto assuminghateachcomponent
is affectedby band-limitedwhite Gaussiamoise[104, 105, 106 4, 58, 73] or Brownian
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motion[107] in which the velocity of a particleis the sumof mary smallimpacts. Atomic
uctuationsin proteinsarewell characterizethy Gaussiardistributions[85].

Shannorconsideredhe caseof the channelkcapacitywith anarbitrarytype of noise[4].
He pointedout thatwhite Gaussiamoiseis the worstpossiblenoise,andthatotherkinds of
noiseexist. As Shannomotedfor communicationsystemstheensembletatef molecular
machinesare not sphericalwhen the noiseis not white Gaussian. This is equvalentto
changingthe enegy function of the “pins”. For example,supposédhat the enegieswere
relatedto the maximumvelocitiesx andy by

Exp x™ and Eyp y™ (39)

insteadof theform E p X2, asin equation(6). Thenthetotal enegy would be proportional
to

Xm

y™ ™ (40)
This may or may not be physically realizable,but we canuseit to illustrate the possible
propertiesof non-Gaussiamoise. The caseof m 2 producesa circle, asin Fig. 3. This
represent&aussiamoise.lf m  1thentheformulareducego aline segmentin thepositive
guadrant.This is re ected aroundthe origin by the absolutevalue functions,to producea
“diamond”shapeasshovnin Fig. 9. The gure alsoshavsthatthereareasetof curvesthat
lie betweerm landm 2.

If m 2thenthecurvebulgesoutwardandthelimit asm ¥ isasquare!Theseshapes
exceedtheareaof acircle with thesametotal enegy. Now considehow theseobjectscould
be pacledtogether Circlescould be pacledinto a hexagonalarray In contrastthe same
hexagonalpackingof theroundedsquaresvould causehemto overlap,socirclesproducea
higherchannekapacity Sinceamolecularmachinecouldobtaincirclesby evolving springs
thatmove by simpleharmonicmotion,them 2 casecould be avoided. Thisis why white
Gaussiamoise,wherem 2, is theworstpossiblenoise.Whenm 2 theareais lessthan
thatof acircle. At m 1, theshapebecomes diamondandbelow thistheshapdas concae
andhascusps.Sincethesespiky shapegsanbepacledmorecloselythancircles,thecapacity
canbereducedn theabsencef Gaussiamoise.Similar effectsoccurin higherdimensions
andwith otherforcefunctions.

In generaljf the effective “entropy power” of anoiseN; is lessthanthewhite Gaussian

noiseNy (N1 Ny) then
RN BNy
41
N N (41)

sothemachinecapacityis boundedy

Cy  dspacelog, (42)

y
Ng
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andtheupperboundexceedgheboundgivenby equation(38) [4]. We canseethis geomet-
rically from the examplegivenabove. If the shapeof the befole stateis spherical(i.e. the
radiusis R, Ny), andthe shapeof the after stateis spiky (i.e. the radiusis effectively
N1), thenwe obtainthe upperboundof (42).
In this paperwe have de ned a classicalphysicsbenchmarkagainstwhich we may ex-
aminereal systemdso seehow well they do. Cana biological systemusequantumeffects
to circumvent white Gaussiamoise? By experimentallyinvestigatingthe capacityof real

moleculamachinesit maybe possibleto answetthis question.

Assumption4 Thebeforestateis in equilibrium. The shapeof the machineensemblds
sphericaln theafter statebecaus¢hemachinehasreachecaquilibriumwith its surroundings
andthe “pins” have a Boltzmanndistribution (Assumption 3). In somecaseshe before
stateis alsoin equilibrium becausehe machineis a “frustrated” physicalsystem[53]. For
example,on atime scalefar shorterthanit takesto nd abindingsite,amoleculeof EcaRl
shouldcometo equilibriumwith the surroundingsolution. In contrastjf rhodopsindoesnot
have a“frustrated” state thenonevibrationalmodeof rhodopsinmight absorbmoreenegy
from a photonthanthe othermodes,so thatthe ensemblavould becomean ellipsoidin Y

space. However, of all possibleellipsoids,a spherecontainsthe largestpossiblevolume

giventhe constraintthatthe enegy is constant.(For anellipse, % 2 %2 r?, thearea,

pab, is maximizedwhena b.) Soif theenegiesare unequallay(/distributedin the before
state,the volume will be smallerthanthat given by equations(36) and (26), My will be
decreasedequation(37)), and hencethe informationgain, R, will be belowv Cy (equation
(38)). ThusC, remaingthe upperbound.We call this agument‘The Ellipsoidal Defense”.

It is advantageougor a molecularmachine suchasrhodopsinor actomyosinto oper
ateascloseto its capacityaspossible becausehenit would gainasmuchinformationas
possiblefor a givenenegy dissipation.To operatenearcapacity the machinemusthave, or
equilibrateto, a sphericalbefore state. In otherwords,the entrogy of the befoe statewill
tendto be maximizedby evolution, andthe Ellipsoidal Defensds anargumentthatit is ad-
vantageou$o theorganismto allow theentroyy of thebefore stateto bemaximized49, 50].
Indeed thereis evidencefor “completethermalrelaxation”in the before stateof rhodopsin
[108, 74]. Completethermalrelaxationcould easily be obtainedby rhodopsinif it enters
a “frustrated” statewhen excited by a photon. It is possiblethat this relaxationimproves
rhodopsins capacityto detectlight.

Assumption5 Noneof the poweris wasted. If only partof P, is usedby the machineto
malke selectionswhile the restis dissipateddirectly, thenthe rate that the machinegains
information,R (bits peroperation)would belowerthantheright handsideof equation(38),
andC, would remainthe upperbound.

24



Assumption6 Theafterspheesare perfectlypadkedanddonotoverlap. Theafterspheres
couldoverlap.This effectively reduceghe numberof distinctafter statedVly, andlowersthe
capacityaccordingo equation(38). ThusCy remaingthe upperbound.

Sphereoverlapsrepresentransitionsor isomerizationdetweensemi-distinctstatesof
themaching109, 85, 110]. To seethis, considertwo after sphereshataresoclosetogether
that they overlap. A point which is in the overlap region betweenthe spherescould be
consideredo be part of eithersphere.Now recall thateachpointin Y spacerepresents
velocity con guration of the machine. A momentlater the machinehasmoved, and this
corresponds$o a pointsomeavhereelseonthespherelf the machinestartsout on oneof the
spheresandis in the overlapregion next, it could easilyendup on the othersphere.Since
the othersphererepresents differentafter stateof the machine,the machinewould have
two statesout they would notbedistinctbecauséhemachinewvould keepswitchingbetween
them. Theratethatthe machineswitchesstatesdlepend®n thevolumeof the overlapregion
relative to the sizeof thespheres.

Theseconformationakubstatemayexist in eitherthebefore or the after machinestates.
If the befole stateis brokeninto severalconnectectonformationakubstatespnecan nd a
machinewith a highercapacityby joining the substatessincethis increaseshe volume of
thebefore state.In contrastjf anafter stateis brokeninto severalconformationakubstates,
a bettermachinecan be found by sepaating the substatessincethis would increasethe
numberof distinctafter statesandsoincreasehe capacityof themachine.

As anexample,supposehatanRNA polymerasensertsthe four basesatWs 200 0p-
erationgpersecond111]. Sinceit performsR  log,4 2 bits peroperationjt operatest
WsR 400 bits per secondwhich we will take to beits capacity (SeeAppendix23 for a
discussiorof variousformsof the capacity) Now supposehatthetemperatures raised,in-
creasinghethermalnoiseandswellingtheafter spheresothatthey overlap(equation(32)).
Supposdhat A andG becomandistinguishablethat C becomesndistinguishabldrom U,
but thatthe operatingrateis not increasedsigni cantly by the temperaturencrease.Then
the machineperformsonly 1 bit per operationat a rate of 200 bits per second.This showvs
how blurring the distinction betweenafter statesdecreasethe machines rate of operation
belaov the machinecapacity

18 Toward a Coding Theory for Molecular Machines

If two after spheresare placedtoo closetogethey thenthey overlap. Sincethis leadsto
semi-distinctsubstateshat decreasehe capacity(Assumption 6), it is advantageougor a
biological systemto have a goodway to packthe spheregogether With a good packing,
lessenegy needgo bedissipateperoperationbecausehe enclosingbefole spherecanbe
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smaller The placemenbf the after spheress the codingschemeof the molecularmachine,
becausending a goodspherepackingmethodis the sameproblemas nding an optimal

communicationgode[15, 61,112,113 114 16]. Sinceevery molecularmachinehasits

own code,therearemary codesin molecularbiology besideghe geneticcode.

In Shannors communicatiormodel (Appendix20), long delay periodsarerequiredto
encodeanddecodehessignal. The delayincreaseshe dimensionalityof the spaceg(because
more numbersare usedto describethe signal), so that the spheresbecomemore sharply
de ned. Sharp-edgedhigh dimensionalspheresoverlaplessthanfuzzy low dimensional
ones,andthisreducedheerrorrate. Therefore along codingperiodcanbe usedto protect
againstnoise. Surprisingly this allows a communicatiorsystemto operateat the channel
capacityandyethave arbitrarily few errors[4]. A well known exampleof thiskind of coding
is the parity check[114, 115.

A simplemolecularmachinecanreachhigh dimensionalityonly by usingspatialmech-
anismssinceit is notpossiblefor themto remembemorethanoneitematatime (Appendix
23). In atime-encodingthe partsof a communicationsignalthat are spreadout in time
arecombinedto form a codeto protectagainsterrors[15, 61,117. In a space-encoding
theinformationfrom a setof parallelchannelss combinedto form the code. The simplest
moleculamachinesreobligedto usespace-encodingotheir partsmustinteractduringthe
operation.Indeed cooperatre interactionsvithin a singlemoleculewererecentlyproposed
to explainthehighaccurayg of therestrictionenzymeEcaRl [20, 39,8, 116,42] andthespe-
ci ¢ binding of sugarsby cell surfacereceptord22], while the cooperatre natureof DNA
andRNA hybridization[34] andoxygenbinding by hemoglobin[78] arewell knowvn. The
frequentappearancef lock-and-ley [10, 11] andallostericmechanism$§l117] in molecular
biology suggestshatspace-encodinig usedby mostif notall moleculamachinesinstead
of payingfor accurag by usinglongtime periodsmoleculamachinesiselarge numbersof
interactingatoms.

Shannors channelcapacitytheoremstateshataslong asthe rate of communicatioris
lessthanthe channelcapacity the error rate may be madearbitrarily small. This theorem
alsoappliesto molecularmachinesdecausehe proof is basedonly on the geometryof the
spheresandthis is the samefor both models(seeAppendix21). In termsof molecular
machinesthetheorensaysthat:

By increasingthe numberof independentlynoving parts that can interact
coopeatively to male decisionsa molecularmadine can reducethe error
frequency(rate of incorrect choices)to whatever arbitrarily low levelis re-
quiredfor survival of the organism,evenwhenthe madineoperatesnearits
capacityanddissipatesmallamountsof power

The degreeto which this happengluring evolution dependspf course on therequirements
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for function, the currentdesign,andthe evolutionary pathsavailable to the machine. If a
good codeis found (i.e. if thereis a goodway to have the molecularmachines motions
in one statebe distinct from the motionswhenit is in anotherstate),thenthe molecular
machinecanoperatecloseto its machinecapacity In otherwords,theenormousompleity

of molecularmachinesallows themto be accurate,and coding theory shouldhelp us to

understandhe mechanismsaccurag, andevolution of molecularmachines.

19 Summary

In this paperl have de ned molecularmachinesand constructeca mathematicamodelfor
themthat ts mary examplesin modernmolecularbiology. The mathematicatlescription
of moleculamachineoperationsiseshe methodsof informationtheory for which thehall-
mark andyardstickis thebit. Accordingto thistheoryif a molecularmachineis exposedo
white Gaussiamoise,thenit shouldnot be possiblefor it to gainmoreinformationthanthat
givenby the capacityformula,equation(38), althoughit may beableto approactthislimit.

A theorem,originally proven by Shannon,shawvs that molecular machinescan act
preciselydespitethe ubiquitouspresenceof thermalnoise. This is not a quantumnor
chemical-bondingeffect, but ratherit arisesfrom the degreeof compleity that a molec-
ular machinecan attain by evolving a molecular coding scheme. The channelcapac-
ity should be a useful criterion for understandingand designing molecular machines
[36,118 119 120,10,121,122].

| thankHerb SchneiderJohnSpougeRandySmith,andPeterBasseifor mary fun and
usefuldiscussionspPoris SchneiderSislin SchneiderSue Aldor and MaureenMannsfor
their support;and StepherAltschul, Steve Garavelli, RobHarrison,Jim Hofrichter, Andrzej
Konopka,PeterLemkin, SarahLesher David Lipman,JoeMack, Jale Maizel, Hugo Mar-
tinez, RanjanMuttiah, Howard Nash,PeterRogan,DeniseRubensMorton Schultz,Bruce
Shapiro,andR. Michael Stephengor critically readingthe manuscript.l alsothankLarry
Gold for supportingthe preliminarystagef this projectunderNIH grantGM28755,Ron
Fox for pointingout theform of fp r , RichardPastorfor pointing out the needto account
for conformationalsubstatesand Gray Abbott for useful discussion®n Fourier analysis.
The gumballmachinewas manufcturedby SuperiorToy & Mfg. Co. Inc., Chicago,IL. |
thankCharlesRockwellfor the photographyof Fig. 1.

27



20 Appendix 1: Intr oduction to Information Theory

Forty yearsagoShannorpublishedseveralfamougpaperghatrigorouslyde nedtheconcept
of informationsothatit could be usedin designingcommunicationsystemg2, 3, 5]. To
allow informationfrom severalindependensourcedo be additive, he and earlierworkers
chosealogarithmicmeasureOne“bit” is theamountof informationrequiredto distinguish
betweenwo equallylik ely symbols two bits arerequiredto distinguishonesymboloutof 4,
and3 bits arerequiredto distinguishonesymbolout of 8. In generaljf thereareM equally
likely symbolsto bedistinguishedthenoneneeddog, M bitsto pick outoneof them.

Communicatiorrequiresat leastthreecomponentsA transmittersendsa signalover a
communicationshannelto areceiverthatcollectsthesignalfor furtheruse.Thesignalcon-
sistsof a seriesof symbolswhich corvey someaverageamountof information,R, measured
in bits persymbol[2]. We follow Shannorandotherearlyworkers[2, 126 127, 128§ and
take thisto betheuncertaintyof thereceverbeforereceving symbolsminustheuncertainty
afterreception:

R Hpefore Hafter (bits persymbol) (43)

whereanuncertaintyH is
y
H a pilog, pi  (bits persymbol) (44)
i1

andp; is the probability of eachsymboli. Whenthe symbolsareequallylikely, pi 1 M
andequation(44) simpli es to the form Hequai 109, M. Likewise, whenone symbolis
certainH 0.

To nd the maximuminformationfrom equation(43), the symbolsappearingat the re-
ceiver mustbe equallylikely, (sothatHpefore 109, M) andevery symbolmustbe exactly
identi ed (no uncertaintyleft after reception,Haster  0). Underthesecircumstanceshe
informationis Rmaximum 109, M. If thereis ary noise(Hafter  0), Or the symbolsarenot
equallylikely (Hpefore  Hequal thenthissimpleformulamustnotbeusedandR  Rmaximum

If the symbolsaresentat a rate of Ws symbolspersecondthenthe channelcarriesWsR
bits persecond.

Shannorde ned the “channelcapacity”’of acommunicationsystemandshovedthatit
is:

C Wilog, g 1 (bits persecond) (45)

wherethe bandwidthW is therangeof frequenciesisedin thecommunicatior{in cyclesper
seconcbr Hertz),andP N isthe“signal-to-noisaatio” [4]. At therecevera certainamount
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of signalpower P (in joulespersecondjs requiredto distinguishthesignalsfrom eachother
in the presencef thermalnoiseN (alsoin joulespersecond).

Shannorprovedaremarkableheoremaboutthe channelkcapacity Onepartof thetheo-
remsaysthatwe cannotsendinformationat aratefasterthanthe channekapacity If wetry
todothis(i.e, WsR C), aquantityof noisewill berecevedthatlimits therateto C. The
otherpartof the theoremis surprising:if we transmitat any rate lessthan or equalto the
channelcapacity(WsR C), thenthe transmissions possiblewith aslow an error rateas
wemaydesie.

Thereis a price to be paidto geta low error rate: we mustcarefully encodethe signal
beforetransmissiorandthen carefully decodeit afterward. Although both stepsrequirea
delay theoveralltransmissiomatecanapproachC. Unfortunatelythe deriationof (45) and
the proof of thetheoremdo nottell ushow to make codeswhich allow transmissiorat rates
closeto C. Neverthelesstheformulais usefulfor understandingnddesigningcommunica-
tion systemsandmethodshave beenfoundfor creating‘good” codeq112, 114,113].

21 Appendix 2: CorrespondencebetweenMolecular Ma-
chinesand Communication Channels

Althoughthe molecularmachineandcommunicatiorchannelmodelsarenot identical,we
may draw several analogiesasdiscussedn the introduction. A molecularmachinecorre-
spondsto the recever in Shannors theory [4] sinceboth gain enegy and dissipateit to
settleinto aspeci ¢ substateFor mostmolecularmachinessuchastherestrictionenzymes
on DNA, thereis no transmittey nor is therea communicatiorchannel.Rathey the forma-
tion of correctmatchedetweemmolecularsurfacesusuallysenesthe function of directing
the molecularmachineto oneor anothersubstate The phrasée'signal-to-noiseratio” is not
meaningfulin the contect of simplemoleculamachines.

Thereademay have noticedthatfor channelcapacity bits werede ned asa selection
amongstpossiblesymbols,whereasfor machinecapacitythey were de ned for selection
amongstates.von Neumann[125] pointedout that solong aswe cancorrelateevents(or
symbols)with statesthesede nitions arefunctionallyidentical.

Shannorstheorytookadwantageof thefactthatthesquareof thevoltageacrossaresistor
is proportionako thepowerthroughtheresistor Lik ewise,thesquareof eachy; is theenegy
in the sine or cosinecomponen®f a “pin”. Ratherthan using thesemechanicalFourier
“potentials”, Shannorusedvoltagepotentialsin his theory The mathematicaéquivalences
betweermechanicaindelectricalmodelsarewell known [57].
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The proof of the channelcapacitytheoremdependsntirely on geometryandnot on the
systembeingmodeled However, it is importantto shav thatthegeometryappliesto molec-
ular machines.In Shannors Figure5 [4], which is reproducechereasFig. 10, the outer
circle,withradius P, Ny, correspond$o the moleculamrmachines sphericabefore state.
The“receivedsignal”’ (point A) representsnly oneof the possiblebefole con gurations.A
sphericalnoisecloud aroundthe “transmittedsignal” (point B) of radius Ny corresponds
to an after state. Having receved signal point A, the recever mustselectthe transmitted
point B. This correspond$o a machineoperationin which the spherecentermovesfrom
point O to B, astheradiuscollapses.Sincemostof the dimensionsare orthogonalto OB,
very little noisepower extendsin the directionOB, andthe after sphereessentiallyremains
insidethe before sphere.The shadedegionL in Shannors gure containscentersof small
sphereghat have the sameafter con guration at A. Shannors theorem?2 shaws that the
probability of having a secondafter spherecenteredn L—sothattwo after sphereoverlap
atpointA—canbedrivenaslow asdesiredevenif thelocationsof theafter spheresrecho-
senrandomly Thusthe molecularmachinecanchoosean after statewith little probability
of erroraslong asthe machinecapacityis not exceeded.Thatthis resultis obtainedfrom
mostrandomchoicesof the codingsuggestshatthe evolution of goodcodesmaybeeasy

In Shannors theorythe capacitylimit is approachedy increasing, while for the sim-
ple molecularmachinegdescribedn this theory dspace Mustincrease Molecularrecevers,
discussedn Appendix23, couldincreaseeithert or dspace

22 Appendix 3: Derivation of the Sphere Density Function

In this appendixwe determinethe probability densitydistribution of a setof D independent
normally distributedrandomvariablesas a function of radial distancein the spacede ned
by thosevariables By de nition, the probabilitydensityalongthe jt" axisin the spaces:

1
fyj ——e¥%? (46)
s 2p
To determingheoverallprobabilitydensityfunctionin thespacewe integrateoverspherical
shells.The probability of the machinebeingin a smallshellof volumedV atradiusr is
pr fyr yp yadVv (47)
I:)JD 1fyjav
;—De r2 Zszdv
sD 2p
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If fp r is theprobability densityof the sphereasa functionof radius,thenthe probability
of themachinebeingin asmallinterval of radiusdr isalsop r ~ fp r dr. Combiningthe
two equationdor p r with equation(27) we obtain

2 9e2
I,DlerZS

for (48)

G D sD23 1

which hasa maximumatrmax s D 1. If D is sufciently high, thenthe fp r func-
tion canbe approximatedy a Gaussiardistribution. Sinceary Gaussiarwith meanp and
standarddeviation s hasthe propertythat f p s f p e 12, we may estimatethe
fuzzinessor thicknessof the shell from the two interceptswith e 1 2 in Fig. 4: s and
s . This canalsobe calculatedby notingthatr® 1 eP 1" expandingthe log by
Inx 1 x x? 2[59]andsettingrmax 1. Thisleadstos 2; ] whenrmax 1.

For thecurvesin Fig. 4, s s s

Thefp r functionis theprobabilitydensityfunctionof ac? distribution for thevariable
X r? s?andD degreesof freedom[129, 123]. Fig. 7 is essentiallya seriesof c? tests.The
curvesfor thelower dimensionsarenamedafterwell known physicists:D 1 isaGaussian
distribution[12, 14]; D 2 is aRayleighdistribution [123]; andD 3 is a Maxwellianor
Maxwell-Boltzmannspeedlistribution[12, 13, 14].

23 Appendix 4: General Theory of Molecular Machines

A receveris a device whosestateis determinedy anexternalsignal. In contrasta simple
molecularmachinesuchasEcadRl is not directedto its after state(binding sites)by anex-
ternalcommand Encodingor decodinga communicationsignalalsorequiresa memoryto
recordthe signalasit is being processed Simple molecularmachinedon't have the nec-
essarymemory For example,DNA in the groove of EcaRI actslike a key in alock, with
therecognitionprocesgakingplacein parallelover asurfaceof contactbetweerEcoRl and
DNA [10, 11, 20]. SinceEcaRI hasno recordof its previous boundandunboundstatest
hasnorecordof its historyandcannothandleatime varyingcommunicationsignal.
However, atime-encodednessageould be receved, rememberedndprocessedy a
combinationof simple molecularmachines. Sucha “molecularrecever” could decodea
messagef the kind that Shannors theoryis designedo handle.Sincethey couldbe made
insensitve to thermalnoise by appropriatecoding, molecularrecevers are likely to play
an importantrole asthe interface betweenhumansand arti cial molecularmachinesand
molecularcomputerslt is notknown if arny living organismscontainsuchdevices,although
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the processesf translationcell movementmitosis,embryonicdevelopmentandcircadian
rhythmsarecandidates.

Accordingto Fourieranalysisatime varying signalmay berecordedasa seriesof dis-
cretesampleslf t istheperiodof therecordingandW is thehighestffrequeng in thesignal's
spectrumthentheoriginal signalmaybereproducedxactlyif atleast

dtime 2tW (49)

samplesrerecorded4, 61, 56]. This powerful resultis the basisof digital-soundrecording
methodssuchasthe compactisk [56].

If distinctstatesof a molecularrecever aredetermineddy an externalcommunications
signal,thena high dimensionakpaceconsistingof

D dspacedtime (50)

dimensionganbeusedo describeghecodingspaceof themachine. Themachinecouldtake
adwantageof boththe spatialandthe time dimensionsandwould operaten a“space-time”
we will call Z space.

Asin equation31),we nd thattheaverageotal enegy for theentiremolecularecever
in Z spacds

E, ikeT D
tdspace Wks T (joules) (51)

usingequationg49) and(50). Dividing both sidesof (51) by t givesthetotal thermalnoise
for themoleculamrecever:

E;

t
dspace Wke T (joulespersecond) (52)

N;

The probability densityis still givenby equation(48). The spherevolume,which givesthe
capacity dependson the radiusraisedto the dimensionthat the sphereis embeddedn, so
the maximumnumberof statess:
V P N dspacez':W
before z z
M 53
‘ Vatter N; ( )

Thede nition of themolecularrecever capacityfollows Shannors de nition exactly [4]:

P

log, M

C; :

dspacdVlog, (bits persec). (54)

74
N;
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Therelationshipof this generalequationto the capacityequationsn the othertwo theo-
riesis straightforvard. If we setdspace 1 to indicatethatthereis only onespatialdegreeof
freedomwe obtainShannorsformula(equation(45)),andequation52) becomedyquist's
formulafor thermalnoisein a singlewire [104, 124, 5]. If insteadwe settW 1 (to indi-
cateacompletdack of long-termmemory)andusethetime independentapacityde nition
C; log, M; , we obtainthe formulafor a simple molecularmachine equation(38), and
thethermalenegy formula(30) is obtainedrom (51).

Thethreetheoriesaresummarizedn Tablel.

The capacityof a molecularrecever is mosteasilyunderstoodasthe capacityof dspace 1

parallelcommunicationghannelfcomparg45)to (54)). The methodof encodingn space
would thencorrespondo spreadinghe codingbits acrosshe parallelchannelgatherthan
spreadinghemoutovertime. Fromthisit is clearthatfor agivenerrorrateonecanreduce
therequiredencodinganddecodingtime by increasinghe parallelism.
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Figurel: A gumballmachinedemonstratesphergpacking.
Theenclosinglarge sphererepresents molecularmachinehaving high enegy, while each
smallspherggumball)representshe machinehaving low enegy. Therearemary possible
low enegy conformationsThe machineor channelkapacityis thelogarithmof the number
of smallsphereghatcan t into thelarge sphere.
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Figure2: Operationf Two MolecularMachines.
A. Single-strande®NA will hybridizeto becomea double-strandetelix.
B. EcaRI will scanalonga DNA moleculeandthen bind speci cally to the sequences
GAATTC 3.
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Figure3: Geometryfor asimpleharmonicoscillatot
A possiblestateof a harmonicoscillatoris representetdy point A. Its maximumvelocity is
r andits phaseas f . This statemayalsoberepresentetdy thecoordinate x y . Distancesn
this gure have unitsof velocity.
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Figure4: High DimensionalSphereDensity
The sphere probability density as a function of radius, fp r , is dravn for D
1248 1024 dimensiongseeAppendix22). Exceptfor the Gaussiarcurve (D 1),
which passeshroughthe point (0,1), the curvesare“normalized” so that their peakspass
through(1,1). At higherdimensionghe curvesapproachhe Gaussiamlistributionagainand
peaksharply Thedashedine is ate ! 2, which intercepts'normalized” Gaussiardistribu-
tionsatonestandardieviation from themean.
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Figure5: TheRayleighDistribution
Thecontinuougrey-tonedistributionrepresenttheanalyticprobabilitydensity f, r . Each
small opencircle ( ) representshe coordinatesof two normally distributed valueswith
mean0 and standarddeviation 1. Eachnormally distributed value was the sum of 100
pseudo-randomumberswith a at distribution.
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Figure6: Simulationof a fourth-dimensionasphere.

A four-dimensionaly’ spacewas projectedonto the two-dimensionakpacerepresentethy
the page.This is equivalentto a planecrosssectionthroughthe spacd4]. The continuous
grey-tone distribution representghe analytic probability density fp r (equation(48) in
Appendix22 andFig. 4) for D 4 ands 1. Eachsmall opencircle ( ) represents
a numericalsimulation producedfrom four normally distributed valueswith meanO and
standarddeviation 1 accordingto equation(29). Eachnormally distributed value wasthe
sumof 100 pseudo-randomumberswith a at distribution.
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Figure7: Increaseof SphereSharpneswith Increasingdimensionality
A seriesof sphereprojectionsareshovn for D 4 8 1024dimensions.The rst one
is the sameasFig. 6, but reducedn size. Only 10,000Gaussiarvalueswereprecalculated,
sothe numberof simulatedpointsthat could be calculateddecreasedsthe dimensionality
increased.
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Figure8: Geometryof ThermalNoiseSpheresn High DimensionalSpace.
Thebefore spherds representedly the outercircle, while the after spherds representetly
theline segmentCA. Ny is BA or BC, with Ny Ny. B is OBwith R, R. Seethe
maintext for furtherdescription.The gure wasderivedfrom Shannorf4].
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Figure9: x™ yMm M,
Theequationis plottedform 05tom 5 by incrementsf 0 1. Integervaluesof m are
indicatedby solid curvesandothervaluesby dottedcurves.
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Figure 10: CorrespondencBetweenCommunicationrheoryand Molecular MachineGe-

ometry
The gure is the sameasFigure5 in [4] exceptthatthe distancesaregivenas R, Ny

and PR, Nyratherthan 2tWP, 2tWNand 2t(W P N.
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| Channel | MolecularMachine | MolecularRecever
CodingSpace Shannon Y Z
Degreesof Freedom | dime 2tW 2dspace 2 3n 6 D dspacetime
Power P R E:
Noise N WkgT Ny dspacdkaT N; dspacdNksT
Paver & Noiseunits | J/ sec J/op J/ sec
Capacity C Wlog, PN 1 | Cy dspacelogy, Py Ny 1 | C; dspacdVlog, P, Nz 1
Rate WsR R WsR

Capacity& Rate
units

bits/ sec

bits/ op

bits/ op - sec

Tablel: InformationCapacityTheories
TheunitsareJ: joules;sec:secondspp: operation.
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