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Lik emacroscopicmachines,molecular-sizedmachinesarelimited by their material
components,their design,and their useof power. One of theselimits is the maximum
number of statesthat a machinecan choosefr om. The logarithm to the base2 of the
number of statesis de�ned to be the number of bits of information that the machine
could “gain” during its operation. The maximum possibleinformation gain is a func-
tion of the energy that a molecular machine dissipatesinto the surrounding medium
(Py), the thermal noiseenergy which disturbs the machine

�

Ny �

and the number of in-
dependentlymoving parts involvedin the operation

�

dspace�

: Cy �

dspacelog2
� Py �

Ny
Ny �

bits
per operation. This “machine capacity” is closelyrelatedto Shannon's channelcapac-
ity for communicationssystems.

An important theorem that Shannonproved for communication channelsalsoap-
plies to molecular machines. With regard to molecular machines,the theorem states
that if the amount of information which a machine gains is lessthan or equal to Cy,
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then the error rate (fr equencyof failur e) can be madearbitrarily small by using a suf-
�ciently complex coding of the molecular machine's operation. Thus, the capacity of
a molecular machine is sharply limited by the dissipation and the thermal noise,but
the machinefailur e rate can be reducedto whatever low level may be required for the
organismto survive.

If youwantto understandlife, don't thinkaboutvibrant, throbbinggelsand
oozes,thinkaboutinformationtechnology.
— RichardDawkins [1]

1 Intr oduction and Overview

The most importanttheoremin Shannon's communicationtheoryguaranteesthat onecan
transmitinformationwith very low error rates[2, 3, 4, 5] (Appendix20). The goalof this
paperis to show how Shannon's theoremcanbe appliedin molecularbiology. With this
theoremin handwe canbegin to understandwhy, underoptimalconditions,therestriction
enzymeEcoRI cutsonly at theDNA sequence5� GAATTC 3� even thoughthereare4096
alternative sequencesof the samelengthin randomDNA [6, 7]. A generalexplanationof
thisandmany otherfeatsof precisionhaseludedmolecularbiologists[8].

Unfortunatelyit is not a simple matterto translateShannon's communicationsmodel
into molecularbiology. For example,his conceptsof transmitter, channel,andsignaldo
not obviously correspondto anything thatEcoRI doesor has.Yet, a correspondenceexists
betweenareceiverandthismoleculesincebothchooseparticularstatesfrom amongseveral
possiblealternatives,both dissipateenergy to ensurethat the correctchoiceis taken, both
mustundertake their taskin the presenceof thermalnoise[9], andthereforeboth fail at a
�nite rate(Appendix21). By picking out a speci�c DNA sequencepattern,EcoRI actslike
a tiny “molecularmachine”capableof makingdecisions.Oncethe “molecularmachine”
concepthasbeende�ned, as bestas is possibleat present,we will begin to constructa
generaltheoryof how EcoRI andothermolecularmachinesperformtheir preciseactions.
In doing this, we will derive a formula for the channelcapacityof a molecularmachine
(or, morecorrectly, themachinecapacity, equation(38)). Thederivationhasseveraldistinct
stepswhich parallelShannon's logic [4]. Thesestepsareoutlinedbelow.

The lock-and-key analogyin biology draws a correspondencebetweenthe �tting of a
key in a lock andthestereospeci�c�t betweenbio-molecules[10, 11]. It accountsfor many
speci�c interactions.Wewill extendthisanalogyto includethemoving “pins” in a lock,and
thenfocuson each“pin” asif it wereanindependentparticleundergoingBrownianmotion.
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To understandthesemotions,we considersimpleharmonicmotionof a particle,�rst in
a vacuumandthenin a thermalbath.Themotionof many suchparticlesservesasa model
of how theimportantpartsof amolecularmachine(“pins”) move.

Justasany two numbersde�ne a point on a planeandany threenumbersde�ne a single
point in three-dimensionalspace,the setof numbersusedto describethe con�guration of
themachinede�ne a point in ahighdimensional“velocitycon�gurationspace”.

We thenshow that the setof all possiblevelocity con�gurationsformsa spherewhose
radiusequalsthesquarerootof thethermalnoiseenergy. Similarspheresappearin statistical
mechanicsastheMaxwell speeddistributionof particlesin agas[12, 13,14].

Whenamolecularmachineis primed,it gainsenergy andthesphereexpands.Whenthe
molecularmachineperformsits speci�c action,it dissipatesenergy andthesphereshrinks
while thespherecentermovesto anew location.Becausethelocationof thespheredescribes
the stateof the molecularmachine,the numberof distinct actionsthat the machinecould
do dependson how many of the smallerspherescould �t into the biggerspherewithout
overlapping(Fig. 1). The logarithmof this numberis themachine's capacity. Becausethe � Fig 1
geometricalapproachwe take is the sameas Shannon's approach[4], his theoremabout
precisionalsoappliesto molecularmachines.Hence,althoughmolecularmachinesaretiny
andimmersedin a thermalmaelstrom,they arecapableof takingpreciseactions.

The particularway that a molecularmachinehasevolved to pack the smallerspheres
togethercorrespondsto the way codewordsarearrangedrelative to oneanotherin com-
municationssystems[15, 16]. This suggeststhat we shouldbe able to gain insight into
how molecularmachineswork andhow to designthemby studyinginformationandcoding
theory.

2 Examplesof Molecular Machines

In Jacob's hierarchyof physical,chemical,biological and social objects[17], molecular
machineslie just insidethedomainof biology, becausethey performspeci�c functionsfor
living systems.Molecularbiologistscontinuouslyunveil lovely examplesof molecularma-
chines[18, 19, 20, 21, 22] andmany peoplehave pointedout thetechnologicaladvantages
of building thesedevicesourselves[23, 24, 25,26, 27,28, 29,30,31,32,33]. If wewereto
consideronly onekind of molecularmachineat a time, we would missthegeneralfeatures
commonto all molecularmachines.Therefore,throughoutthis paperwe will refer to the
following four molecularmachines.

1. The geneticmaterialdeoxyribonucleicacid (DNA) can act like a simple molecular
machine. If DNA is shearedinto a heterogeneouspopulationof 400 base-pairlong
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fragmentsandthenheated(or denaturedbyothermeans),thedoublestrandedstructure
is “melted” into separatesinglestrands.Whenthesolutionis slowly cooled,many of
thesinglestrandsbindto acomplementarystrandandreformthedoublehelix (Fig.2a)
[34]. � Fig 2

Two characteristicsmake this reactionmachine-like. First, a priming step(denatura-
tion) bringsthemoleculesinto ahighenergy state.Second,themoleculesdissipatethe
energy andannealto oneanotherin areasonablyprecisewayby usingthecomplemen-
tarity betweenbases[35]. This “hybridization” reactioncanbemadesospeci�c thatit
is widely usedasatechniquein molecularbiology[34,36,37]. Basecomplementarity
is alsoessentialto all living thingsbecauseit is thebasisof nucleic-acidreplication.
For this reason,thedegreeof base-pairingprecisionis importantin evolution.

2. TherestrictionenzymeEcoRI is a proteinwhich cutsduplex DNA betweenG andA
in the sequence5	 GAATTC 3	 [38, 20, 39]. A singlemoleculeof EcoRI performs
threemachine-likeoperations[8]. First, it canbind non-speci�callyto a DNA double
helix. Second,after sliding along the DNA until it reachesGAATTC, it will bind
speci�cally to that pattern. Third, it cuts the DNA. In the absenceof magnesium,
binding is still speci�c but cutting doesnot occur, so binding can be distinguished
from cuttingexperimentally. Wewill focusonthebindingoperation(Fig.2b). As with
DNA, two characteristicsmake this reactionmachine-like. First, thereis a priming
operationin whichthenon-speci�cbindingto DNA placesEcoRI into a“high” energy
staterelative to its energy whenit is boundspeci�cally. Second,the transitionfrom
non-speci�cto speci�c bindingdissipatesthisenergy sothatEcoRI is locatedprecisely
on a GAATTC sequence.Without a dissipationassociatedwith thespeci�c binding,
EcoRI wouldquickly moveawayfrom its bindingsite.After this local dissipation,the
moleculeis obligedto remainin placeuntil it hascut theDNA, or a suf�ciently large
thermal�uctuation kicks it off again.

In vivocellularDNA is protectedfrom EcoRI by theactionsof anotherenzymecalled
themodi�cation methylase.This enzymeattachesa methylgroupto thesecondA in
the sequenceGAATTC, so that EcoRI canno longercut the sequence.In contrast,
invadingforeignDNAs areliable to bedestroyedbecausethey areunmethylated.The
methylaseis precise,attachingthe methyl only to GAATTC and not to any of the
sequences,suchasCAATTC, thatdiffer by only onebasefrom GAATTC [40]. Soin
vivo EcoRI is exposedto many hexamersequencesthatarealmostanEcoRI site,yet
underoptimalconditions[6, 7, 41] it only cutsatGAATTC. How asinglemoleculeof
EcoRI canachieve thisextraordinaryprecisionhasnot beenunderstood[8, 42,43].

3. The retinacontainsa proteincalledrhodopsinwhich detectssinglephotonsof light
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[44, 45]. Uponcapturingaphoton,rhodopsinbecomesexcitedandthendissipatesthe
energy. Most of the time this converts rhodopsininto bathorhodopsin.A chemical
cascadethenampli�es thebathorhodopsin“signal” 400,000times,leadingto a nerve
impulse.Becauseof thisenhancementwecanseesinglephotonsof light.

Why doesn't rhodopsinmerely“usetheenergy” to convertdirectly into bathorhodop-
sin? This transformationis not aseasyasit �rst appears,sincethehigh energy state
is a chemicaltransitionstatefrom which it is possibleto go backwardsto rhodop-
sin,ratherthanforwardsto bathorhodopsin.Rhodopsinmustmakea“decision”about
whatto do.

4. Little is known aboutthe exact molecularmechanismof muscles[46, 24, 47, 48].
However, we know thattheinteractionof theproteinsmyosinandactinconsumesthe
energy moleculeadenosinetriphosphate(ATP). We may thereforeimaginethat the
hydrolysisof an ATP moleculeprimesthe actomyosincomplex into a high energy
stateso that asthe energy is dissipateda force is generated.As with rhodopsin,the
activatedactomyosincomplex must“choose”whetherto go forwardsor backwards.

3 De�nition of Molecular Machines

In eachexamplegivenin theprevioussection,aspeci�c macromoleculeis primedfromalow
energy level—orgroundstate—intoahighenergy state.This is followedby aspeci�c action
thatdissipatestheenergy andperformsa functionthat is evolutionarily advantageousto the
organismthatsynthesizedthemacromolecule.Therearemany otherexamplesof molecular
machinesthatfollow thispattern[18, 21]. In generalwewill notbeinterestedin thepriming
step,but ratherwith a precisemeasureof thespeci�c actiontaken in exchangefor the lost
energy. The measurewe will useis the numberof distinct stateswhich the machinecan
choosebetween. If the machinecan selectfrom two states,we say that it gains1 bit of
informationperoperation.Likewise,theselectionof onestatefrom amongst8 corresponds
to log28 
 3 bitsperoperation[5].

1. A molecularmachineis a singlemacromoleculeor macromolecularcomplex. In this
paperwediscussthemicroscopicnatureof individualmolecules,not themacroscopic
effectsof large numbersof molecules. A molecularmachineis not a macroscopic
chemicalreaction[24]. This doesnot deny that we canmodela solutioncontaining
many moleculesof EcoRI andDNA (without magnesium)by statingthat theratio of
speci�cally boundto non-speci�callyboundmoleculesis constantoncethe reaction
hasreachedequilibrium.Thisbindingconstantre�ects theenergeticsof theindividual
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reactions(DG� ), but it doesnot reveal the binding mechanismbecausethat is inde-
pendentof concentration.A singleEcoRI moleculewill cut a singleDNA molecule
irrespectiveof thenumberof otherDNA andEcoRI moleculesin thesolution.

Suppose,for example,thatweallow amacroscopicsolutionof DNA andEcoRI (with-
out magnesium)to cometo equilibriumat37� C. Sinceindividualmoleculescontinue
to bind anddisassociateundertheseconditions,machineoperationstake placeeven
aftermacroscopicequilibriumhasbeenreached[28]. Thus,theoperationof a single
molecularmachinecannotbe treatedasa macroscopicchemicalreactionsincethat
“stops” whenequilibrium is reached.For this reason,the molecularmachinemodel
doesnot (andshouldnot) referto concentrations.

As McClare[24] pointedout, each molecularmachineactslocally asan individual.
LikewiseArrheniuset al. [31] distinguishfunctionsat themolecularlevel from bulk
materialeffects.

It is alsoworth notingthatEcoRI aloneis not a molecularmachine.Only thecombi-
nationof EcoRI andDNA is amolecularmachine.Likewise,only thecombinationof
acaranda road(or othersuitablesurface)cando usefulwork.

2. A molecularmachineperformsa speci�c functionfor a living system.That is, if the
machinedid notexist, theorganismwouldbeatacompetitivedisadvantagerelativeto
anorganismthathadthemachine.Thus,a molecularmachinemustbeimportantfor
theevolutionarysurvival of anorganismor it will belostby atrophy. Shannonpointed
out thatinformationtheoryis unableto dealwith themeaningor valueof acommuni-
cation[2, 3]. In biology, however, we work with thecloselyrelatedconceptsof func-
tion andusefulness,factorswhich areultimately de�ned by naturalselection. This
part of the de�nition is importantfor accountingfor the precisionof molecularma-
chines.Without a requirementfor function,precision—orany othernon-deleterious
property—doesnot matter, just asnobodycareswhetheror not a caron a junk heap
works. With a requirementfor function,thevery survival of theorganismis it stake.
In practicalterms,the requirementfor precisefunction dictatesthat the statesof the
molecularmachineshouldbedistinctandhencethatthespheresrepresentedby gum-
ballsin Fig. 1 shouldavoid overlap.

This de�nition encompassesmachinesthat operateoutsidecells, suchas digestion
enzymes,andmachinescreatedentirelyby humans[25, 30].

(EvenaRubeGoldberg1 molecularmachine'sfunctionwouldbeto amuse,to educate,
or to attemptto evadethis de�nition.) Unlike simplechemicalslike water, molecular

1TheEnglishequivalentis HeathRobinson.
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machinesareusuallyencodedby a geneticmaterialandhave the potentialto evolve
by naturalselection.

3. A molecularmachine is usuallyprimedby an energy source. Theseincludenot only
photonsandATP, but alsothermalmotions—asin thecaseof EcoRI separatingfrom
a bindingsite. (DNA heat-denaturationis anarti�cial methodthatonly appearsin the
laboratory. Naturalpriming mechanismsusuallydo not usethis macroscopicheating,
althoughthey frequentlyusethe “microscopicheating”providedby thermal�uctua-
tions.) Primingplacesthemachinein anactivatedbefore statewhereit is readyto do
work. The before statecorrespondsto the large spherethat encasesthe gumballsin
Fig. 1.

The act of priming is usually, but not always, requiredfor a molecularmachineto
operate.For example,just aftera new moleculeof EcoRI hasbeensynthesized,it is
readyto operateeventhoughit neverwasin a low energy statebefore.

4. A molecularmachinedissipatesenergyasit doessomethingspeci�c. Thisphaseof the
machine's cycle is calledits operation. Oncetheoperationis completed,themachine
is in an after state,which is representedby a single gumball in Fig. 1. Sincethe
machineis always subjectto thermalnoise,an after stateconsistsof the set of all
possiblemotionsthata singlemolecularmachinecouldhave at low energy. We will
call this setan ensemble. Likewise thebefore stateconsistsof thesetof all possible
motionsthatasinglemolecularmachinecouldhaveathighenergy, andthisalsoforms
anensemble.

5. A molecularmachine “gains” information by selectingbetweentwo or more after
states. For example,EcoRI choosesone patternout of 46 � 4096 possiblehexa-
nucleotides,soit gainslog24096 � 12 bits of informationduringits operation.Mea-
surementsof the amountsof information gainedby geneticrecognizershave been
describedin previouspapers[49, 50,51].

6. Molecularmachinesare isothermalengines,not heatengines[52]. They areobliged
to operateat a singletemperaturebecausethey do not haveany way to insulatethem-
selvesfrom the hugeheatbaththat they areembeddedin. However, they canusea
priming energy to changetheir conformationto a more �e xible one. This is essen-
tially a controlledform of denaturation.After priming, any excessenergy is quickly
dissipated,leaving themoleculetrappedin a �e xible before stateat theambienttem-
perature.In thisstatethemachineis likea“frustrated”physicalsystem[53] randomly
searchingthroughvariousconformationsto �nd the correctone for the operation.
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Whenthis is found, the formerly inaccessible(i.e. potential)energy is quickly dis-
sipatedleaving the moleculeonceagainat ambienttemperature.This modelallows
for the evolution of a molecularmachinefrom primitive beginningsbecausethe en-
ergy is capturedby a denaturation,which is simpleandeasyto achieve. The model
doesnot requireany form of molecularinsulationor specialvibrationalmodeswhich
wouldbedif�cult if not impossibleto evolve.

This papershows that the numberof partsof a machine,the energy dissipatedper op-
erationandthethermalenergy in themachinedeterminethe largestamountof information
a molecularmachinecangain (equation(38)). This “channelcapacityof a molecularma-
chine” (or, moreaccurately, “machinecapacity”) is measuredin bits per operation,where
onebit is theamountof informationnecessaryto choosecleanlybetweentwo distinctma-
chinestates.This paperdemonstratesthatalthoughthemachinecapacityis sharplylimited
by theamountsof dissipationandthethermalnoise,theaccuracy of themachineis not.

4 Lock-and-KeyModel of a Molecular Machine

Thestateof a moleculeis de�ned by thepositionsandmotionsof its atoms.To determine
the locationsof the n atomsin a molecularmachine,we �rst de�ne a coordinatesystem.
Threespatialcoordinatesareneededto locateeachatom,sowe need3n numbers.In many
caseswewon't careif themoleculeis tumblingor moving throughspace,sowecanaf�x the
coordinatesystemto themolecule'scenterof massandignorethesix numbersthatdescribe
thecoordinatesystem's orientationandpositionin space.So for thepositionswe needno
morethan:

dspace 


3n � 6 (1)

coordinatenumbers(Assumption 1).2 Thesecoordinatesarecalled“degreesof freedom”.
Wealsoneeddspacenumbersto describethevelocities.

A molecularmachinecanonly usea few of thesedegreesof freedombecausemany of
the atomsarerequiredasstructuralcomponents.In this context it is useful to extendthe
lock-and-key analogyof biologicalinteractions[10, 11]. A key opensapin-tumblerlock by
moving a setof two-partpins to positionswhich allow the two partsto separatewhenthe
key is turned[54, 55]. Thewrongkey will leave oneor morepins in a positionthatblocks
theturning,andthiswill preventthebolt from beingreleased.Assumption1 is thatweonly
needto accountfor themotionsof clustersof atoms—themolecularmachine's “pins”—in

2The assumptionsare listed in section17 after equation(38). Only after the capacityformula hasbeen
constructedcan we determinethe consequencesof relaxing eachassumption.In most casesequation(38)
remainstheupperboundon themachinecapacity.
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orderto describeits operation.Likewise, it is not necessaryto keeptrackof the individual
atomsin a lock in orderto understandhow it works.

A second,closely relatedassumptionis that the partsof a molecularmachinemove
independently(Assumption2). Likewisethepinsin a lock moveindependently. Yetbecause
of thedesignof a lock, thebolt canonly moveif thepinsareall alignedcorrectlyby thekey.
Thus,althoughthe individual pins are independent,they must“cooperate”for the lock to
open.If two pinswerenot independent,thenit wouldbeeasierto pick thelock,andit would
not carryasmuch“protective” informationbecauseonepin couldbesetandthepositionof
theotherwould bedetermined.For example,two pinsfusedtogetherwould actasonepin.
Thus,in this analogy, dspacerefers to thenumberof “pins” usedby themolecularmachine,
which is quitelikely to bemuchsmallerthanthedegreesof freedom:

dspace �

3n � 6 � (2)

That is, theimportantdegreesof freedomarenot all of thedegreesof freedomof themole-
cule,but only thosedirectly involvedin themachineoperation.Weonly needto accountfor
theseto describethe machine's operation.Estimatesof n anddspace for rhodopsinwill be
discussedlater.

5 A SimpleHarmonic Oscillator in a Vacuum

To demonstratethe methodusedin this paper, we �rst investigatethe energeticsof an os-
cillator which executessimpleharmonicmotionaroundits meanpositionwithout external
interferences:

h � t ��� acos� wt � f ��� (3)

whereh � t � is the position of the oscillator as a function of time t, a is the amplitudeof
oscillation,w is thefrequency of vibration,andf is thephase.This modelsthemotionof a
singlemolecularmachine“pin”. If we chooser � � aw, thenthevelocity is simply:

v � t ���

dh � t �

dt
� r sin� wt � f ��� (4)

Thevelocityhastwo independentFouriercomponents[56] with amplitudesx andy:

v � t ��� xsin� wt ��� ycos� wt ��� (5)

Fromthetrigonometricidentity sin� A � B��� sinAcosB � cosAsinB andequations(4) and
(5) we immediately�nd that x � r cosf andy � r sinf . Fig. 3 representsthesequantities � Fig 3
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graphically. On this graph,the point � x  y! completelyde�nes the stateof the oscillatorat
any timet. It is importantto keepin mindthatx andy haveunitsof velocity.

In this paperwe usethe Fourier components� x  y! ratherthanpolar coordinates� r  f !

becausethe Fourier descriptionis symmetrical(x and y have the sameunits of velocity)
whereaspolarcoordinatesarenot (they haveunitsof velocityandangle).

Theenergy of theoscillatorcanbefoundfrom themaximumvelocityandthemass:

E "

1
2mv2

max#

(6)

[57]. The total energy is also the sum of the energies of the two independentsinusoidal
componentsin equation(5) [58], andsinceaccordingto equation(4) vmax " r,

E "

1
2mr2 "

1
2mx2 $ 1

2my2
 (7)

so
r2

" x2 $ y2
#

(8)

This equationshows that in a vacuum,wherethe total energy E is constant,the radius
r is constantandthe locusof the point � x  y! is a circle. That is, at a givenenergy the set

of all possiblephaseanglesf describesa circle of radiusr " %

2E
m in a two dimensional

velocityspacewhoseaxesare theamplitudesof thetwo independentFourier componentsof
theoscillator.

6 A SimpleHarmonic Oscillator in a Thermal Bath

If asimpleharmonicoscillatoris immersedin athermalbath,thenimpactswith neighboring
atomschangethephaseandenergy in anirregularway. Equipartitionof energy betweenthe
oscillatorandthe bathimplies thateachindependentFouriercomponentof the velocity in
(5) hasaBoltzmanndistribution [14]:

f � x!&"

1

s ' 2p
e(

Ex )

2s2
(9)

and
f � y!&"

1

s ' 2p
e(

Ey )

2s2
 (10)

where
Ex "

1
2mx2 and Ey "

1
2my2

#

(11)
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Themeaningof s will bediscussedbelow. We usetheBoltzmanndistribution to introduce
thermalnoiseinto ourNewtoniandescriptionof anoscillator. Substitutingfrom (11) into (9)
and(10)gives:

f * x+&,

1

s - 2p
e.

mx2 / 4s2
(12)

and
f * y+&,

1

s - 2p
e.

my2 / 4s2 0

(13)

so the velocitiesx andy have a normalor Gaussiandistribution with a standarddeviation
proportionalto s. Sincethe oscillator is surroundedby a hugethermalbathand impacts
from thebatharenot predictable,the changesin motionof the oscillatorareprobabilistic.
Maxwell'sclassicalmodelfor thevelocitydistributionof moleculesin anidealgasalsouses
aGaussianvelocitydistribution[12, 13, 14]. Thenormaldistributionis graphedastheD , 1
curve in Fig. 4. 1 Fig 4

Whatis theprobability f * x
0

y+ thattheoscillatorwill havethevelocitycomponentsx and
y? Sincex andy areindependent,wemaywrite theprobabilitydensityas

f * x
0

y+2, f * x+ f * y+�,

1
s22p

e.

m3 x2 4 y2 56/ 4s2
,

1
s22p

e.

mr2 / 4s2
0

(14)

wherer , 7 x2 8 y2 is thedistancein velocityspacefrom theorigin to thepoint * x
0

y+ , asin
Fig. 3. Theprobabilityof �nding that theoscillatorhasvelocitiesin a small region dxdy is
f * x

0

y+ dxdy. Sincedxdy , rdrdf [59] wecanconvert to polarcoordinates:

f * x
0

y+ dxdy ,

1
s22p

re.

mr2 / 4s2
drdf 9 (15)

Thetotal densityat theradiusr in aninterval dr is therefore

f2 * r + dr , :

2p

0

1
s22p

re.

mr2 / 4s2
drdf ,

1
s2re.

mr2 / 4s2
dr 9 (16)

The subscript“2” in “ f2 * r + ” indicatesthat two Gaussiandistributionswereusedto obtain
thedensitydistribution. This “Rayleigh” distribution is graphedastheD , 2 curve in Fig. 4
andshown asasmoothgrey scalein Fig. 5. Noticethatthedistributionis radiallysymmetric 1 Fig 5
andthatthedensityin a thin ring aroundtheorigin approacheszeroat theorigin sincer , 0
there.

Wefoundin theprevioussectionthatwhenanoscillatoris in avacuumthetotalenergy is
constantsothattheradiusr is constantandthesetof all possiblestateswith energy r2 is rep-
resentedby a circle. In a heatbaththeoscillatorcanexchangeenergy with thesurrounding
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mediumandthedistribution is morespreadout,accordingto theRayleighdistribution. This
“open” descriptionof asimpleharmonicoscillatorallows for energy andphasechanges.

7 A SimpleMolecular Machine in a Thermal Bath

We will assumethat theenergiesin the independent“pins” of a molecularmachineform a
Boltzmanndistribution(Assumption3) soeach“pin” actslikeasimpleharmonicoscillator
in a thermalbathand

D ; 2dspace (17)

numbersarerequiredto describethemachinevelocitiesbecauseeach“pin” hasaphaseand
anamplitude(i.e. two Fouriercomponentsx andy). At agivenmomenttheenergy of the j th

such“pin” componentis determinedby its velocityandthe“pin' s” mass:

E j ;

1
2mjv2

j <

(18)

So that we will be able to easily compare“pins” with different masseswe combinethe
velocitywith thesquarerootof themassto de�ne anew variable:

y j ; = E j
<

(19)

Theassumptionthatenergiesof the“pins” haveaBoltzmanndistribution impliesthat

f > y j ?

; exp >A@ bE j ?CB

zD (20)

wherez is the “partition function”, z ; E

¥
F ¥ exp >G@ bE j ?

dy j [14]. Dividing by z assuresus
thattheprobabilitiesf > y j ?

sumto 1. b ; > kBT
?

F 1 wherekB is Boltzmann's constantandT
is theabsolutetemperature.Comparing(20) to (9), we �nd b ;

1
2s2 sos2

;

1
2kBT.

Substitutingfor theenergy by using(19)we �nd that

f > y j ?

; exp >G@ by j
2

?HB

z
<

(21)

The form of this equationshows that the setof y j normalizedvelocity componentshave a
Gaussiandistribution.

8 Y Space: A High DimensionalModel of Molecular Ma-
chines

By placingthemagnitudesof theindependenty j numbersat right anglesto oneanother, we
form thecoordinatesof asinglepoint in aspaceof D orthogonaldimensions.To paraphrase
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Shannon:“Essentiallywe have replaceda complex entity (the velocity con�guration of a
macromolecule)in a simple environment(threedimensionalspace)by a simple entity (a
point) in a complex environment(D dimensionalspace)”[4, 60]. Thespacede�ned by all
possiblevaluesof y j is calledY space.

Thereadermay feel thatsucha high dimensionalspaceis dif�cult to think about.For-
tunately, it is always possibleto visualizethe two or threedimensionalcases. We have
alreadydonethis for the 2D oscillator. It is alsoworth keepingin mind that a point in a
D-dimensionalspaceis de�ned by nothingmorethana list of D numbers[61]. For example,
a lock with 10pinsis a20dimensionalmachinebecause20numbersareneededto de�ne the
positionsandvelocitiesof thepins. Usinga high dimensionalspaceenormouslysimpli�es
theproblemof understandingmolecularmachinesbecausein sucha spaceboth thebefore
andafter statesof themachinearerepresentedby hollow spheres.

9 The Energeticsand Distrib ution of Molecular Machines
in Y Space

Our next task is to determinethe distribution of all possiblemachinecon�gurationsat a
givenambienttemperature.Fromhereonwewill no longer bediscussingjustonemolecular
velocitycon�guration, but rathertheentiresetof con�gurationsthatsatisfythedistribution
givenby (20). This collectionis calleda molecularmachine“ensemble”or a “state” of the
machine.Theprobabilitydensityin Y spaceis theproduct(Õ) of theindividualindependent
probabilities:

f I y1 JHKLKHKGJ

y j JHKHKLKCJ

yD M&N

D

Õ
j O 1

f I y j M�K

(22)

Usingequation(20) thisbecomes

f I y1 JHKLKHKPJ

y j JHKHKLKQJ

yD M&N

exp IGR b
D

å
j O 1

E j MHS

zD
N

exp IGR bNy MCS

zD
J

(23)

whereNy is thetotal thermalnoiseenergy in the“pins” of themolecularmachine.If instead
of using(20),we combine(21)with (22)weobtain

f I y1 JHKHKHKGJ

y j JLKHKHKPJ

yD M2N

exp IGR b
D

å
j O 1

y j
2

MHS

zD
N

exp IGR bry
2

MLS

zD
J

(24)

wherewe have usedthePythagoreantheoremto collapsetheD orthogonaly2
j valuesinto a

singlevariable,ry, which is theradialdistancefrom theorigin to oneof thepossiblepoints
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describingthemotionsof themachine.Comparingequation(23) to (24)showsthat:

ry T U

Ny V

(25)

TheBoltzmanndistributionwe have assumedfor the“pins” impliesthatthepartsof the
machineareat equilibrium with eachother. At equilibrium the machineis not dissipating
energy andthe thermalnoiseNy is roughly the samefor every possiblecon�guration. So
ry is also roughly constant(Appendix22). Sincea constantdistancedoesnot imply any
particulardirectionin space,thesetof possiblemotionsof themachine form a sphere in Y
space.

Shannoncalledsuchspheres“sharply de�ned billiard balls” [4], but perhapsthe ping-
pongball is a moreaptanalogybecauseat high dimensionsmostof thedensityof a sphere
is closeto the surface. This is demonstratedin Fig. 4, whereonecan seethat at higher
dimensionsthespheredensitybecomestightly focused.Thederivationof thedistributions
for thehigherdimensionsis givenin Appendix22.

Brillouin [62, 60] gave the following simpleproof of this curiousproperty. Justasthe
areaof a circle is proportionalto theradiussquared,andthevolumeof a sphereis propor-
tional to theradiuscubed,thevolumeof a D-dimensionalsphereof radiusr is proportional
to theradiusraisedto thedimensionD:

V
T

p
D
2

G W

D
2 X

1Y

rD Z (26)

whereGis thegammafunction[63, 4, 64]. Takingthederivativegivesus

dV
T

p
D
2

G W

D
2 X

1Y

DrD [ 1dr (27)

anddividing (27)by (26)gives
dV
V T

D
dr
r V

(28)

Thisequationmeansthata fractionalchangein theradius(dr \ r) is magni�ed by thedimen-
sion(D) to getthefractionalchangein thevolume(dV \ V).

Even for a small molecule,D canbe enormous.For example,Warshel[65] modeled
the light-activated“switch” in rhodopsin,11-cis retinal, with 200 vibrational modes. To
emphasizethe potentialfor high dimensions,we will �nd a minimum for the numberof
dimensionsneededto describethemotionof this vitamin A derivative.A minimumnumber
of atomsto modelwould bethe20-carbonbackboneof retinal,son

T

20, dspace T

54 and
D

T

108.
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Is this enoughto createa sharplyde�ned sphere? Supposethe radiusof the sphere
describingretinal is 11 in Y spaceunits. (It doesn't matterwhat theseunitsare,sincethey
cancelin Equation(28).) Then as the radiusincreasesfrom 10 to 11 units, the volume
increasesby dV

V ]

108 ^

1
10 _

11 fold. More than dV
V ` dV ]

90% of the volume is already
concentratedin theouter10%of thesphere.

Our estimatefor n is conservativebecausewe did not includethe28 hydrogenatomsin
retinalnor any partof the39,048Daltonopsinproteinto which retinal is attached[66, 67],
nor the surroundingwater and membrane(which undoubtedlyhave importanteffects on
molecularmotions[68, 69]). Thereare5511atomsin rhodopsin,so for rhodopsinaloneD
couldbeashigh as33,054.Not all of theatomscanbedirectly involvedin themechanism
(Assumption1), but it is clearlypossiblefor thenumberof dimensionsusedby themachine
to belarge.

Exactcalculationof thespheredensityasa functionof radius(Appendix22) shows that
thespheresurfacebecomessharplyde�nedathigherdimensions(Fig. 4), sotheentiresetof
possiblemotionsof evena smallmolecularmachinearewell depictedby aping-pongball.

10 Simulation of High DimensionalSpheres

Wecangeneratethespheresbothbynumericalsimulationandanalytically. Thetwomethods
are illustratedtogetherin Fig. 6. For a numericalsimulation,the motionsof a molecular a Fig 6
machinewould be determinedby the techniqueof moleculardynamics[70]. If the “pins”
havebeenidenti�ed—whichprobablyrequiresunderstandinghow themachineworks—then
we couldobtaina setof y j . Whenthemachinepartsareat equilibrium, theseshouldhave
independentGaussiandistributions(Assumption 2, Assumption 3). So insteadof doing
moleculardynamics,we canuseany set of real numbershaving a Gaussiandistribution.
Theseareeasilycreatedby addingtogethermany pseudo-randomnumbersthathave a �at
distribution [71]. The centrallimit theoremassuresus that the resultingsumapproachesa
Gaussiandistribution [72]. A setof D suchnumbersformsthepoint in Y space.

To seewhat the distribution of thesepoints looks like, we canmapthe sphereonto a
plane. The methodis equivalentto moving cities from their particularlatitudesandlongi-
tudeson a globeto their longitudesat theequator. In Fig. 6 we have mapped4-dimensional
Y spacepointsonto the pageby this method.From equation(24) the radial distancefrom
theorigin to apoint in Y spaceis givenby:

ry
] bc

c

d

D

å
j e 1

y j
2 f (29)
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Whens g 1, thedistributionhasamaximumat rmax g h D i 1 (Appendix22),sotheradius
wasnormalizedby dividing by h D i 1. Thedirection(angle)of eachpoint wasarbitrarily
takenfrom two of they j coordinates.

To graphthecorrespondingsmoothanalyticfunction,we chosepointson thepageand
determinedtheir distancefrom theorigin to obtainry. We then�nd theprobabilitydensity
directly from the fD j

r k functiongivenby equation(48)of Appendix22.
Fig. 7 shows thecorrespondencebetweenthesimulatedpointsandthesmoothanalytic l Fig 7

function. As the dimensionalityincreases,thespheresbecomesharper. The concentration
of points at a particularradiusis a consequenceof the enormouslyincreasingvolumeas
the radiusincreasesin higherdimensions.So,althoughthedensityis highestin thecenter
accordingto equation(24), themajorityof pointsarefoundfar from thecenter.

11 Thermal Noisein Y space

An oscillatorin equilibriumwith a thermalbathhasanaverageenergy of kBT joules[14].
Sincea molecularmachinehasdspace “pins”, eachof which is assumedto beequivalentto
anoscillator, thetotal energy is

Ny g kBT m dspace (joules)n (30)

This expressionalsogivestheaverageenergy of a moleculewith dspacedegreesof freedom
[13]. Fromequations(30)and(17)weseethat

Ny g

1
2kBT m D (joules) (31)

so eachof the y j variableshasan averageenergy of 1
2kBT. Combiningequation(30) with

equation(25),we �nd
ry g o kBTdspacen (32)

Thus,thermalnoisedisplacesthecon�gurationof themachineaway from thespherecenter
byanamountrelatedto theabsolutetemperature.For thisreasonwemayregardthegumballs
of Fig. 1 asrepresenting“thermalnoisespheres”.

12 Location of Spheresin Y Space

Thesquareof a distancein Y spaceis equalto theenergy requiredto traversethatdistance.
Supposethattherearetwo after statesof themachine.(Thatis, two gumballspheres.)If the
distancefrom the�rst stateto thesecondstateis big enough,thenthevelocitycon�guration

16



of themachine—whichis representedby apoint—wouldalmostneverbeableto jumpfrom
one sphereto the other and the two sphereswould be separatedby an energy “barrier”.
On the otherhand,if the distancebetweenthe spherecentersweresmall, the two spheres
would beconnectedandthemachinewould oftenhave enoughthermalenergy to make the
transitionto theotherstate.

An analogyis useful to seehow the statescould becomeconnected.Supposethat we
have a coin lying in a tub. Thereare two states,headsup and tails up. A certain�x ed
minimum amountof energy is requiredto lift the edgeof the coin in orderto �ip it over.
If we startto vibrateandshake the tub, thentheprobability that thecoin will switch to the
othersideincreases.If we successively replacethecoin with eachof the5 regularPlatonic
solids—tetrahedron(4 sides),cube(6 sides),octahedron(8 sides),dodecahedron(12sides),
andicosahedron(20sides)—whilekeepingthemassthesame,thenswitchingbetweensides
(states)becomesincreasinglyeasy. With moreintenseshaking,thestatesalsobecomeless
andlessdistinct.

The tub vibrationscorrespondto the temperature,which determinesthe radiusof the
molecularmachine's spheresaccordingto equation(32). Thus,at highertemperaturesthe
sharplyde�ned spheresoverlapandthestatesareno longerdistinct. A molecularexample
is theheatdenaturationof doublestrandedDNA.

Specifyingthelocationof thecenterof aspherein Y spacespeci�estheaveragecon�gu-
rationof themoleculerelative to otherpossiblecon�gurations.To beableto discussseveral
spheresatonce,wecanrepresenttheshapeof theY spaceensemblewith avectornotation:

p

y q

p

s r

p

Ny s

(33)

The center of the sphereis de�ned by a vector,
p

s q t s1 u sLsHs u

sj u sLsHs u

sD v

, while the in-
stantaneousradius of the current point on the sphereis de�ned by the vector

p

Ny q

t y1 u sLsHs u

y j u sHsHs u

yD v

. The magnitudeof
p

Ny is given by any of the relations(25), (29), (32)
or w

p

Ny

w

q x Ny s

(34)

The sj andy j variablesplay importantrolesin this paper, sincethey correspondto the
signalsamplesShannonusedin his theory. The setof variablesthat de�ne the centerof
eachsphere,sj , playsthepartof DC voltages,while they j correspondto AC voltagesdueto
thermalnoise(Appendix21).

13 Molecular Machine Operations

Sofar we have modeleda molecularmachinejiggling at equilibrium,andwe found that it
canbe representedby a spherein Y space.Now let's investigatewhat happenswhenthe
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machineoperates.Recallour four examplemachines.For DNA anoperationmeansbase-
pairingor hybridization,for ageneticrecognizerlikeEcoRI it meanslocatingabindingsite,
for rhodopsinit meansswitchingto bathorhodopsin,andfor muscleit meanscontracting.
Wesaythat“information is gained” whenamachinechangesfrom anindeterminatestateto
a moredeterminedstate.Decreasesin thermalmotioncorrespondingto machineoperations
have beenobserved in many molecularmachines[18, 73]. In eachcase,a corresponding
energy decreaseallowsaspeci�c actionto betaken.Thus,rhodopsindissipatestheenergy of
a photonto changestates[65, 74,75] andactomyosindissipatestheenergy of a hydrolyzed
ATP moleculeto generatemotion [24, 47]. When DNA becomesdouble-stranded[34],
or whengeneticrecognizersstick to their binding sites[76, 77, 8], their rangeof motion
becomesrestrictedby a lowerpotentialenergy.

We only needto considertwo energeticstatesof themachine[8]. Beforeanoperation,
a machinehassomespeci�c amountof energy, while afterwardsit hasa smalleramount.
How the machineattainsthe activatedbefore state(i.e., “priming”) is outsidethe scopeof
our considerations,thoughwe may note that a photondoesthis for rhodopsin[74], and
ATP hydrolysisdoesit for actomyosin[47]. Even large (but rare)thermal�uctuations can
causethis priming, sincethey canfree repressorsandotherproteinslike EcoRI from their
bindingsites[76]. Likewise,DNA strandsmaybeseparatedarti�cially by heatandchemi-
cal denaturants,or naturallyby helicasesusingATP, while basesincorporatedinto growing
nucleic-acidchainsarealreadyseparate.

14 The beforeand after statesin Y Space

Let usnow considertheenergeticsof thetwo statesof EcoRI. Whenthemoleculeis bound
to its sitesin theafterstate,its “pins” haveanenergy determinedby thethermalnoise.Each
possiblecon�gurationof themachineis representedby a point in Y space,andthesetof all
suchpointsformsasphereof radius

raf ter y z

Ny (35)

accordingto equation(25).
In the before state,EcoRI musthave an internalenergy higherthanit doesin the after

state,or it couldnotstickto thebindingsitein theafterstate.Wewill call theextraenergy Py,
sothatthetotal energy before is Py {

Ny. Py is theenergy differencebetweenthestates.We
will assumethattheenergy Py {

Ny is equallypartitionedbetweenall thedegreesof freedom
opento the molecule(Assumption 4). This is reasonablefor EcoRI sincein the before
stateEcoRI wandersby BrownianmotionalongtheDNA. Only whenEcoRI encountersthe
sequenceGAATTC cantheenergy Py bedissipated(Assumption 5).
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In Y space,thecon�gurationof themachineis representedasanoisyvectordisplacement
from thespherecenter(equation(33)). If weaddanenergy Py to themachine,theeffect in Y
spaceis to adda vector |Py of magnitude} Py to thenoisevector |Ny. But in thehigh dimen-
sionalY space,mostof this additionalnoisy energy will be directedat 90~ to the original
noiseenergy becausetherearesomany possibledirectionsin thespace.For example,if one
werein thecenterof a threedimensionalglobelooking north,2• 3 of thenoisewould beat
90~ to thedirectionof sight. Likewise,if D € 100,then99%of thenoisewould beat right
anglesto any givendirection.

Therefore,asshown in Fig. 8, the two vectors |Py and |Ny form a right triangle,whose • Fig 8
hypotenuseis

}

Py ‚

Ny accordingto thePythagoreantheorem.Sinceboth
|

Py and
|

Ny may
point in any direction,thebeforestateis representedbya sphereof radius

rbef ore €

} Py ‚

Ny (36)

with an energy r2
bef ore € Py ‚

Ny, which is the total energy that we de�ned initially. It is
dif�cult to seethisgeometryin threedimensions.

15 Machine Operations in Y Space

Oncethemachinedissipatesenergy, thevector |Py becomesa speci�c directionrelatingthe
before andafter states.Referringto Fig. 8, we seethat the before spherehasits centerat
point O, while the after spherehasits centerat point B. In this two-dimensionaldiagram,
theafter sphereis representedby theline segmentthatextendsfrom C to A. (Theafter state
is still spherical,but thetwo-dimensionaldiagramcannotshow it. In threedimensions,the
after spherewould be representedby a circle at a particularlatitudeon a globe.) Because
of thehigh dimensionalitymostof theafter sphereis “�attened” at 90~ with respectto the
speci�c directionof |Py, which is shown as |OB in the�gure.

Therefore,the machineoperationcorrespondsto the motion of the spherecenterfrom
O to B with a concomitantcollapseof the radius,andlossof energy Py to the surrounding
medium.

Since
|

s representstheaveragecon�gurationof themachine,a change in thesphere cen-
ter, D

|

s € |Py, correspondsto a changein theaveragephysicalcon�gurationof themolecular
machine, anddifferentdirectionsandmagnitudesof |Py in Y spacecorrespondto different
statechanges.Furthermore,the locationof a smallafter noisespherewithin the largerbe-
fore sphererepresentsonly one of several possiblestatesof the machinesincetherecan
be several non-intersectingafter spheres[78, 79, 18]. Placementof the spheresaccording
to equation(33) is called the molecularmachine's codingschemebecausethe packingof
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spheresin spacecorrespondsto thearrangementof codewordsin acommunicationssystem
[15]. Thetotal dimensionality, D, determineshow sharp-edgedthespheresare,andsothis
controlstheintensityof thethresholdeffectsif two spheresoverlap[4]. Thus,theprecision
of a molecularmachinedependson its size. If the machineis big enough(n ƒ 1), then
the noiseis predictablebecauseD may becomeso large that spheresaresharp-edged.By
evolving to be big, even singlemoleculescanhave macroscopicstability. If the machine
containsenoughindependentcomponents,thenthe spheresmay alsobe placedaccurately
in thespaceof D dimensionsso that they just barelymisscontactingeachother. Thus,the
machinecanhave distinctafter states.However, sincethespheresarede�ned by a smooth
analytic function ( fD „

r … , equation(48)), they always overlapand thereis alwaysa small
probability thata machinein oneafter statecanjump into anotherafter state.The rateof
suchtransitions(or incorrecttransitionsfrom before to after) is theerrorrate.

Of course,simply increasingthe numberof atomsin orderto raisethe dimensionality
doesnotguaranteeaccurateplacementof thespheres.However, thenumberof “pins” canbe
increasedduringevolutionof themachine,sotheplacementcouldbere�ned. Thissuggests,
for example,thatmany of theaminoacidsin a largeproteincouldhavesubtleeffectson the
sphereplacementandcoding[42]. Theseeffectscouldbe missedby conventionalgenetic
approachesthat are basedon the premiseof �nding “the” major recognitionfactor. For
example,recentX-ray crystal structuredeterminationof a tRNA synthetaseboundto its
cognatetRNA [80, 81, 82] suggeststhat the completeset of tRNA recognitionfactorsis
spreadover a large surfaceof both molecules[83] (asonewould expectfrom this theory)
ratherthanconcentratedin theanti-codonor othersmallregions.

We shouldemphasizethatthecon�gurations(pointsin Y space)thatwe have beencon-
sideringare in either the before or the after states.We have not looked at con�gurations
during theoperation.Sincetheenergy changesduringanoperation,a setof suchcon�gu-
rationsmustconnectthebefore to theafter spheres.As we will seein thenext section,it is
to our advantageto focusonly on the simplesphericalbefore andafter states,for together
thesecharacterizewhatthemachineis ableto do.

16 Derivation of the Machine Capacity

How many distinctafter statescantherebe?Certainlythe largestnumberof distinctstates
that the machinecould have after dissipationof its energy cannotbe biggerthanthe max-
imum number, My, of small after spheresthat canbe packed into the volumeof the large
before sphere,assuggestedby Fig. 1 (Assumption 6, seealsothe secondpart of thede�-
nition of molecularmachines)[15, 61]. We obtainthis by dividing thevolumeof thelarger
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sphereby thevolumeof asmallersphere[4]:

My †

Vbef ore

Vaf ter ‡

ˆ

Py ‰

Ny

Ny Š

2dspace

(37)

usingequations(26),(36),(35),(17),andthefactthataspherevolumeis proportionalto the
radiusraisedto thedimension(D) that thesphereis embeddedin. The“machinecapacity”
is themaximuminformation,log2My, thatcouldbegainedduringtheoperation[2, 3, 5, 4]:

Cy
‡

log2My †

dspacelog2
Py ‰

Ny

Ny
(bitsperoperation). (38)

Asidefrom a constantdueto thenatureof thedifferentsituations,this equationis iden-
tical in form to Shannon's famouschannelcapacityformula(equation(45) in Appendix20).
In Appendix21wediscusshow Shannon'sprecisiontheoremappliesto thecaseof molecu-
lar machinesandin Appendix23 wediscussamoregeneralderivation.

17 Assumptions

Assumption1 Only someof the atomsin a molecularmachine are involvedin an opera-
tion. For example,if the �ip of a tyrosinering in bovine pancreatictrypsin inhibitor hasno
function [70] or effect on spheresharpnessor placementthendspace is effectively lessthan
3n ‹ 6. In thispaperdspace is takento referonly to thenumberof spatialdegreesof freedom
involvedin theoperation.Evenwith therestrictionof equation(2), dspacecanstill be large
in a typicalmacromolecule,so(38)still applies.

Most proteindynamicsarewell modeledwith just thelocationsof thenuclei,andquan-
tum correctionsare small at 300K [84, 85]. If quantumeffects were usedin a machine
operation,dspacewould begivenby thenumberof independentparametersthatarerequired
to describethesystem.

Two independent“pins” neednot have the sameimportanceto the organism. If we
useinformationcontentasa measureof “importance”,we canseethat the“importance”of
variousbasesin a bindingsite is stronglydependenton thepositionin thesite [49, 50,86].
Likewise,onepin in a lock could have more“importance”thanotherpins if it usedmore
distinctlevelsthantheothers.

Assumption2 Theimportantparts of the molecularmachine move independently. In the
lock-and-key analogy, thisassumptionis thatthepinsof thelock moveindependentlyof one
another. However, it is possiblefor onepartof amolecularmachineto affect themotionsof
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its neighbors.In communicationstherearesimilar phenomena[4]. Regionsof a television
picturearecorrelatedto oneanother, andeachframeis oftensimilar to thenext. Shannon
pointedout thatthis simply reducesthenumberof independentparameters.Socorrelations
betweenpartsof themachineeffectively reducethedimensionalityby con�ning themachine
to surfacesin Y space.If thedimensionalityis reduced,thenCy remainstheupperbound,as
canbeseenfrom equations(37)and(38).

This assumptionhasa biologicalrational. It assertsthat thecomponentsof a molecular
machinecanbecomeindependentthroughnaturalselection.For example,whereit is impor-
tantthattwo successiveaminoacidsin thechainof a proteinmove independentlyto satisfy
theprotein'sfunction,mutationalinsertionsin thegenefor theproteinwill conferaselective
advantage.Eventuallya �e xible segmentmay evolve that allows the aminoacidsto move
nearlyindependently.

Thelinearstructureof bindingsitesonnucleicacidssuggeststhatpartsof thebindingsite
recognizerscould operateindependentlyin the samesensethat lock pins areindependent.
Threelinesof evidencesupportthis idea. First, it is possibleto train a linearperceptronto
identify ribosomebinding sitesandsplicejunctions[87, 88, 89]. Second,it is possibleto
predicttheamountof translationalinitiation usinga linearmodelof the12 basespreceding
andincluding the �rst baseof the initiation codonof ribosomebinding sites[90, 91, 92].
Therearesimilar datafor the Cro, l and lac repressorbinding sites[93, 94]. Third, the
contribution of individual aminoacidsto thetotal associationfreeenergy betweenproteins
hasbeenfoundto beadditivein anumberof cases[95, 96]. Thesuccessof theseapproaches
suggeststhatatleastsomepartsof molecularmachinesexhibit independenceandthatfurther
experimentalwork mayallow usto mapthelocationsof the“pins”.

It is possiblethat a transformationof the descriptive variablesis requiredto reveal in-
dependence.For example,if the transformationinvolved in harmonicanalysisprovidesa
goodmodelfor a particularmolecularmachine[57, 97, 98, 99, 100,101, 85, 102] thenthe
modesareguaranteedto beindependent,andtheequipartitiontheorem[14] guaranteesthat
theenergy is evenlydistributedoverall 3n Œ 6 modes[103]. A molecularmachineneednot
useall of thesemodes.

The independenceassumptionhasa curiousconsequence.Since its componentsare
independent,themachineis modeledasanideal gasin Y spaceanda machineoperationis
representedby thecollapseof thisgas.Theentropy decreaseis simply thelog of theratioof
thevolumes(equation(37)), asin classicalthermodynamics[13]. Thedecreasein entropy
of themolecularmachineis proportionalto theinformationit gains.

Assumption3 Theenergeticsof molecularmachinecomponents(“pins”) are describedby
a Boltzmanndistribution [14, 97, 62]. This is equivalentto assumingthateachcomponent
is affectedby band-limitedwhite Gaussiannoise[104, 105, 106, 4, 58, 73] or Brownian

22



motion[107] in which thevelocity of a particleis thesumof many small impacts.Atomic
�uctuationsin proteinsarewell characterizedby Gaussiandistributions[85].

Shannonconsideredthecaseof thechannelcapacitywith anarbitrarytypeof noise[4].
Hepointedout thatwhiteGaussiannoiseis theworstpossiblenoise,andthatotherkindsof
noiseexist. AsShannonnotedfor communicationssystems,theensemblestatesof molecular
machinesare not sphericalwhen the noise is not white Gaussian. This is equivalent to
changingthe energy function of the “pins”. For example,supposethat the energieswere
relatedto themaximumvelocitiesx andy by

Ex µ • x •

m and Ey µ • y •

m (39)

insteadof theform E µ x2, asin equation(6). Thenthetotal energy would beproportional
to

• x •

m Ž

• y •

m •

• r •

m • (40)

This may or may not be physically realizable,but we canuseit to illustrate the possible
propertiesof non-Gaussiannoise. The caseof m • 2 producesa circle, asin Fig. 3. This
representsGaussiannoise.If m • 1 thentheformulareducesto aline segmentin thepositive
quadrant.This is re�ected aroundthe origin by the absolutevaluefunctions,to producea
“diamond”shape,asshown in Fig.9. The�gure alsoshowsthatthereareasetof curvesthat ‘ Fig 9
lie betweenm • 1 andm • 2.

If m ’ 2 thenthecurvebulgesoutwardandthelimit asm “ ¥ is asquare!Theseshapes
exceedtheareaof acirclewith thesametotalenergy. Now considerhow theseobjectscould
be packed together. Circlescould be packed into a hexagonalarray. In contrast,the same
hexagonalpackingof theroundedsquareswouldcausethemto overlap,socirclesproducea
higherchannelcapacity. Sinceamolecularmachinecouldobtaincirclesby evolving springs
thatmove by simpleharmonicmotion,them ’ 2 casecouldbeavoided.This is why white
Gaussiannoise,wherem • 2, is theworstpossiblenoise.Whenm ” 2 theareais lessthan
thatof acircle. At m • 1, theshapebecomesadiamondandbelow this theshapeis concave
andhascusps.Sincethesespiky shapescanbepackedmorecloselythancircles,thecapacity
canbereducedin theabsenceof Gaussiannoise.Similareffectsoccurin higherdimensions
andwith otherforcefunctions.

In general,if theeffective “entropy power” of a noiseN1 is lessthanthewhite Gaussian
noiseNy (N1 •

Ny) then
Py

Ž Ny

Ny
•

Py
Ž Ny

N1
(41)

sothemachinecapacityis boundedby

Cy •

dspacelog2 –

Py
Ž Ny

N1 —

(42)
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andtheupperboundexceedstheboundgivenby equation(38) [4]. Wecanseethisgeomet-
rically from theexamplegivenabove. If theshapeof the before stateis spherical(i.e. the
radiusis ˜ Py ™

Ny), andthe shapeof the after stateis spiky (i.e. the radiusis effectively
š

N1), thenweobtaintheupperboundof (42).
In this paperwe have de�ned a classicalphysicsbenchmarkagainstwhich we mayex-

aminereal systemsto seehow well they do. Cana biological systemusequantumeffects
to circumvent white Gaussiannoise? By experimentallyinvestigatingthe capacityof real
molecularmachines,it maybepossibleto answerthisquestion.

Assumption4 Thebeforestateis in equilibrium. The shapeof the machineensembleis
sphericalin theafterstatebecausethemachinehasreachedequilibriumwith its surroundings
and the “pins” have a Boltzmanndistribution (Assumption 3). In somecasesthe before
stateis alsoin equilibriumbecausethemachineis a “frustrated”physicalsystem[53]. For
example,on a time scalefar shorterthanit takesto �nd a bindingsite,a moleculeof EcoRI
shouldcometo equilibriumwith thesurroundingsolution.In contrast,if rhodopsindoesnot
havea “frustrated”state,thenonevibrationalmodeof rhodopsinmight absorbmoreenergy
from a photonthanthe othermodes,so that the ensemblewould becomean ellipsoid in Y
space. However, of all possibleellipsoids,a spherecontainsthe largestpossiblevolume
giventheconstraintthat theenergy is constant.(For anellipse, ›

x
a œ

2
™

›

y
b œ

2 • r2, thearea,
pab, is maximizedwhena • b.) So if the energiesareunequallydistributedin the before
state,the volume will be smallerthan that given by equations(36) and (26), My will be
decreased(equation(37)), andhencethe informationgain, R, will be below Cy (equation
(38)). ThusCy remainstheupperbound.Wecall thisargument“The EllipsoidalDefense”.

It is advantageousfor a molecularmachine,suchasrhodopsinor actomyosin,to oper-
ateascloseto its capacityaspossible,becausethenit would gainasmuchinformationas
possiblefor a givenenergy dissipation.To operatenearcapacity, themachinemusthave,or
equilibrateto, a sphericalbefore state. In otherwords,the entropy of the before statewill
tendto bemaximizedby evolution,andtheEllipsoidalDefenseis anargumentthatit is ad-
vantageousto theorganismto allow theentropy of thebeforestateto bemaximized[49,50].
Indeed,thereis evidencefor “completethermalrelaxation”in thebefore stateof rhodopsin
[108, 74]. Completethermalrelaxationcould easilybe obtainedby rhodopsinif it enters
a “frustrated” statewhenexcited by a photon. It is possiblethat this relaxationimproves
rhodopsin'scapacityto detectlight.

Assumption5 Noneof the poweris wasted. If only part of Py is usedby the machineto
make selections,while the rest is dissipateddirectly, then the rate that the machinegains
information,R(bitsperoperation),wouldbelowerthantheright handsideof equation(38),
andCy would remaintheupperbound.
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Assumption6 Theafterspheresareperfectlypackedanddonotoverlap.Theafterspheres
couldoverlap.Thiseffectively reducesthenumberof distinctafterstatesMy, andlowersthe
capacityaccordingto equation(38). ThusCy remainstheupperbound.

Sphereoverlapsrepresenttransitionsor isomerizationsbetweensemi-distinctstatesof
themachine[109,85,110]. To seethis,considertwo after spheresthataresoclosetogether
that they overlap. A point which is in the overlap region betweenthe spherescould be
consideredto be part of eithersphere.Now recall that eachpoint in Y spacerepresentsa
velocity con�guration of the machine. A momentlater the machinehasmoved, and this
correspondsto apointsomewhereelseon thesphere.If themachinestartsouton oneof the
spheres,andis in theoverlapregion next, it couldeasilyendup on theothersphere.Since
the othersphererepresentsa differentafter stateof the machine,the machinewould have
two statesbut they wouldnotbedistinctbecausethemachinewouldkeepswitchingbetween
them.Theratethatthemachineswitchesstatesdependsonthevolumeof theoverlapregion
relative to thesizeof thespheres.

Theseconformationalsubstatesmayexist in eitherthebeforeor theaftermachinestates.
If thebefore stateis brokeninto severalconnectedconformationalsubstates,onecan�nd a
machinewith a highercapacityby joining thesubstates,sincethis increasesthevolumeof
thebeforestate.In contrast,if anafter stateis brokeninto severalconformationalsubstates,
a bettermachinecanbe found by separating the substates,sincethis would increasethe
numberof distinctafter statesandsoincreasethecapacityof themachine.

As anexample,supposethatanRNA polymeraseinsertsthefour basesatWs ž

200op-
erationspersecond[111]. Sinceit performsR

ž

log24
ž

2 bits peroperation,it operatesat
WsR ž

400bits per second,which we will take to be its capacity. (SeeAppendix23 for a
discussionof variousformsof thecapacity.) Now supposethatthetemperatureis raised,in-
creasingthethermalnoiseandswellingtheafterspheressothatthey overlap(equation(32)).
SupposethatA andG becomeindistinguishable,thatC becomesindistinguishablefrom U,
but that the operatingrateis not increasedsigni�cantly by the temperatureincrease.Then
themachineperformsonly 1 bit peroperationat a rateof 200bits persecond.This shows
how blurring thedistinctionbetweenafter statesdecreasesthe machine's rateof operation
below themachinecapacity.

18 Toward a Coding Theory for Molecular Machines

If two after spheresare placedtoo closetogether, then they overlap. Sincethis leadsto
semi-distinctsubstatesthatdecreasethecapacity(Assumption 6), it is advantageousfor a
biological systemto have a goodway to packthe spherestogether. With a goodpacking,
lessenergy needsto bedissipatedperoperationbecausetheenclosingbefore spherecanbe
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smaller. Theplacementof theafter spheresis thecodingschemeof themolecularmachine,
because�nding a goodspherepackingmethodis the sameproblemas�nding an optimal
communicationscode[15, 61, 112,113, 114, 16]. Sinceevery molecularmachinehasits
own code,therearemany codesin molecularbiologybesidesthegeneticcode.

In Shannon's communicationmodel(Appendix20), long delayperiodsarerequiredto
encodeanddecodethesignal.Thedelayincreasesthedimensionalityof thespace(because
morenumbersare usedto describethe signal), so that the spheresbecomemore sharply
de�ned. Sharp-edgedhigh dimensionalspheresoverlap lessthan fuzzy low dimensional
ones,andthis reducestheerrorrate.Therefore,a long codingperiodcanbeusedto protect
againstnoise. Surprisingly, this allows a communicationsystemto operateat the channel
capacityandyethavearbitrarily few errors[4]. A well known exampleof thiskind of coding
is theparitycheck[114, 115].

A simplemolecularmachinecanreachhigh dimensionalityonly by usingspatialmech-
anismssinceit is notpossiblefor themto remembermorethanoneitematatime(Appendix
23). In a time-encoding, the partsof a communicationssignal that arespreadout in time
arecombinedto form a codeto protectagainsterrors[15, 61, 112]. In a space-encoding,
the informationfrom a setof parallelchannelsis combinedto form thecode.Thesimplest
molecularmachinesareobligedto usespace-encoding,sotheirpartsmustinteractduringthe
operation.Indeed,cooperative interactionswithin asinglemoleculewererecentlyproposed
to explainthehighaccuracy of therestrictionenzymeEcoRI [20,39,8, 116,42] andthespe-
ci�c bindingof sugarsby cell surfacereceptors[22], while thecooperative natureof DNA
andRNA hybridization[34] andoxygenbindingby hemoglobin[78] arewell known. The
frequentappearanceof lock-and-key [10, 11] andallostericmechanisms[117] in molecular
biologysuggeststhatspace-encodingis usedby mostif notall molecularmachines.Instead
of payingfor accuracy by usinglongtimeperiods,molecularmachinesuselargenumbersof
interactingatoms.

Shannon's channelcapacitytheoremstatesthataslong astherateof communicationis
lessthanthe channelcapacity, the error ratemay be madearbitrarily small. This theorem
alsoappliesto molecularmachinesbecausetheproof is basedonly on thegeometryof the
spheres,and this is the samefor both models(seeAppendix21). In termsof molecular
machines,thetheoremsaysthat:

By increasingthe numberof independentlymoving parts that can interact
cooperatively to make decisions,a molecularmachinecan reducetheerror
frequency(rateof incorrect choices)to whatever arbitrarily low level is re-
quiredfor survivalof theorganism,evenwhenthemachineoperatesnearits
capacityanddissipatessmallamountsof power.

Thedegreeto which this happensduringevolution depends,of course,on therequirements

26



for function, the currentdesign,andthe evolutionarypathsavailableto the machine. If a
goodcodeis found (i.e. if thereis a goodway to have the molecularmachine's motions
in onestatebe distinct from the motionswhen it is in anotherstate),then the molecular
machinecanoperatecloseto its machinecapacity. In otherwords,theenormouscomplexity
of molecularmachinesallows them to be accurate,and coding theory shouldhelp us to
understandthemechanisms,accuracy, andevolutionof molecularmachines.

19 Summary

In this paperI have de�ned molecularmachinesandconstructeda mathematicalmodelfor
themthat �ts many examplesin modernmolecularbiology. The mathematicaldescription
of molecularmachineoperationsusesthemethodsof informationtheory, for which thehall-
markandyardstickis thebit. Accordingto this theoryif a molecularmachineis exposedto
whiteGaussiannoise,thenit shouldnotbepossiblefor it to gainmoreinformationthanthat
givenby thecapacityformula,equation(38),althoughit maybeableto approachthis limit.

A theorem,originally proven by Shannon,shows that molecularmachinescan act
preciselydespitethe ubiquitouspresenceof thermal noise. This is not a quantumnor
chemical-bondingeffect, but ratherit arisesfrom the degreeof complexity that a molec-
ular machinecan attain by evolving a molecularcoding scheme. The channelcapac-
ity should be a useful criterion for understandingand designingmolecular machines
[36, 118, 119, 120,10,121, 122].
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20 Appendix 1: Intr oduction to Inf ormation Theory

FortyyearsagoShannonpublishedseveralfamouspapersthatrigorouslyde�nedtheconcept
of informationso that it couldbe usedin designingcommunicationssystems[2, 3, 5]. To
allow informationfrom several independentsourcesto be additive, he andearlierworkers
chosea logarithmicmeasure.One“bit” is theamountof informationrequiredto distinguish
betweentwo equallylikely symbols,two bitsarerequiredto distinguishonesymboloutof 4,
and3 bitsarerequiredto distinguishonesymbolout of 8. In general,if thereareM equally
likely symbolsto bedistinguished,thenoneneedslog2M bits to pick outoneof them.

Communicationrequiresat leastthreecomponents.A transmittersendsa signalover a
communicationschannelto areceiverthatcollectsthesignalfor furtheruse.Thesignalcon-
sistsof aseriesof symbols,whichconvey someaverageamountof information,R, measured
in bits persymbol[2]. We follow Shannonandotherearlyworkers[2, 126, 127, 128] and
takethis to betheuncertaintyof thereceiverbeforereceiving symbolsminustheuncertainty
afterreception:

R ¡ Hbef ore ¢

Haf ter (bits persymbol) (43)

whereanuncertaintyH is

H ¡

¢

M

å
i £ 1

pi log2 pi (bitspersymbol) (44)

andpi is theprobabilityof eachsymboli. Whenthesymbolsareequallylikely, pi ¡ 1¤ M
andequation(44) simpli�es to the form Hequal ¡ log2M. Likewise, whenonesymbol is
certain,H ¡ 0.

To �nd themaximuminformationfrom equation(43), thesymbolsappearingat there-
ceiver mustbeequallylikely, (so thatHbef ore ¡ log2M) andevery symbolmustbeexactly
identi�ed (no uncertaintyleft after reception,Haf ter ¡ 0). Under thesecircumstancesthe
informationis Rmaximum ¡ log2M. If thereis any noise(Haf ter ¥

¡ 0), or thesymbolsarenot
equallylikely (Hbef ore ¦

Hequal) thenthissimpleformulamustnotbeusedandR
¦

Rmaximum.
If thesymbolsaresentat a rateof Ws symbolspersecond,thenthechannelcarriesWsR

bitspersecond.
Shannonde�ned the“channelcapacity”of acommunicationssystemandshowedthatit

is:

C ¡ Wlog2 §

P
N ¨

1© (bitspersecond) (45)

wherethebandwidthW is therangeof frequenciesusedin thecommunication(in cyclesper
secondor Hertz),andP¤ N is the“signal-to-noiseratio” [4]. At thereceiveracertainamount
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of signalpowerP (in joulespersecond)is requiredto distinguishthesignalsfrom eachother
in thepresenceof thermalnoiseN (alsoin joulespersecond).

Shannonproveda remarkabletheoremaboutthechannelcapacity. Onepartof thetheo-
remsaysthatwecannotsendinformationata ratefasterthanthechannelcapacity. If we try
to do this (i.e., WsR ª C), a quantityof noisewill bereceivedthat limits therateto C. The
otherpart of the theoremis surprising:if we transmitat any rate lessthan or equalto the
channelcapacity(WsR « C), thenthe transmissionis possiblewith as low an error rateas
wemaydesire.

Thereis a price to bepaid to get a low error rate: we mustcarefullyencodethesignal
beforetransmissionandthencarefully decodeit afterward. Although both stepsrequirea
delay, theoverall transmissionratecanapproachC. Unfortunatelythederivationof (45)and
theproof of thetheoremdo not tell ushow to makecodeswhich allow transmissionat rates
closeto C. Nevertheless,theformulais usefulfor understandinganddesigningcommunica-
tion systems,andmethodshavebeenfoundfor creating“good” codes[112, 114,113].

21 Appendix 2: Corr espondencesbetweenMolecular Ma-
chinesand Communication Channels

Althoughthemolecularmachineandcommunicationchannelmodelsarenot identical,we
may draw several analogiesasdiscussedin the introduction. A molecularmachinecorre-
spondsto the receiver in Shannon's theory [4] sinceboth gain energy and dissipateit to
settleinto aspeci�c substate.For mostmolecularmachines,suchastherestrictionenzymes
on DNA, thereis no transmitter, nor is therea communicationchannel.Rather, the forma-
tion of correctmatchesbetweenmolecularsurfacesusuallyservesthefunctionof directing
themolecularmachineto oneor anothersubstate.Thephrase“signal-to-noiseratio” is not
meaningfulin thecontext of simplemolecularmachines.

The readermayhave noticedthat for channelcapacity, bits werede�ned asa selection
amongstpossiblesymbols,whereasfor machinecapacitythey werede�ned for selection
amongstates.von Neumann[125] pointedout that so long aswe cancorrelateevents(or
symbols)with states,thesede�nitions arefunctionallyidentical.

Shannon'stheorytookadvantageof thefactthatthesquareof thevoltageacrossaresistor
is proportionalto thepowerthroughtheresistor. Likewise,thesquareof eachy j is theenergy
in the sine or cosinecomponentof a “pin”. Ratherthan using thesemechanicalFourier
“potentials”,Shannonusedvoltagepotentialsin his theory. Themathematicalequivalences
betweenmechanicalandelectricalmodelsarewell known [57].

29



Theproof of thechannelcapacitytheoremdependsentirelyon geometryandnot on the
systembeingmodeled.However, it is importantto show thatthegeometryappliesto molec-
ular machines.In Shannon's Figure5 [4], which is reproducedhereasFig. 10, the outer ¬ Fig 10
circle,with radius ­ Py ®

Ny, correspondsto themolecularmachine'ssphericalbeforestate.
The“receivedsignal” (pointA) representsonly oneof thepossiblebeforecon�gurations.A
sphericalnoisecloudaroundthe“transmittedsignal” (point B) of radius ­ Ny corresponds
to an after state. Having received signalpoint A, the receiver mustselectthe transmitted
point B. This correspondsto a machineoperationin which the spherecentermovesfrom
point O to B, asthe radiuscollapses.Sincemostof thedimensionsareorthogonalto OB,
very little noisepower extendsin thedirectionOB, andtheafter sphereessentiallyremains
insidethebefore sphere.Theshadedregion L in Shannon's �gure containscentersof small
spheresthat have the sameafter con�guration at A. Shannon's theorem2 shows that the
probabilityof having a secondafter spherecenteredin L—sothattwo after spheresoverlap
atpointA—canbedrivenaslow asdesiredevenif thelocationsof theafterspheresarecho-
senrandomly. Thusthemolecularmachinecanchooseanafter statewith little probability
of erroraslong asthemachinecapacityis not exceeded.That this result is obtainedfrom
mostrandomchoicesof thecodingsuggeststhattheevolutionof goodcodesmaybeeasy.

In Shannon's theorythecapacitylimit is approachedby increasingt, while for thesim-
ple molecularmachinesdescribedin this theory, dspacemustincrease.Molecularreceivers,
discussedin Appendix23,couldincreaseeithert or dspace.

22 Appendix 3: Derivation of the SphereDensityFunction

In this appendixwe determinetheprobabilitydensitydistributionof a setof D independent
normally distributedrandomvariablesasa functionof radial distancein the spacede�ned
by thosevariables.By de�nition, theprobabilitydensityalongthe j th axisin thespaceis:

f ¯ y j °2±

1

s ² 2p
e³

y2
j ´

2s2 µ

(46)

To determinetheoverallprobabilitydensityfunctionin thespace,weintegrateoverspherical
shells.Theprobabilityof themachinebeingin a smallshellof volumedV at radiusr is

p ¯ r
° ±

f ¯ y1 ¶

µHµLµ

¶

y j ¶

µHµHµ

¶

yD °

dV (47)

±

PD
j · 1 f ¯ y j °

dV

±

1

sD
² 2p

D e
³

r2
´

2s2
dV

µ
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If fD ¸

r ¹ is theprobabilitydensityof thesphereasa functionof radius,thentheprobability
of themachinebeingin a small interval of radiusdr is alsop

¸

r ¹&º fD ¸

r ¹ dr. Combiningthe
two equationsfor p

¸

r ¹ with equation(27)weobtain

fD ¸

r ¹�º

rD » 1e» r2 ¼ 2s2

G ½

D
2 ¾

sD 2
D
2 » 1 ¿

(48)

which hasa maximumat rmax º s À D Á 1. If D is suf�ciently high, thenthe fD ¸

r ¹ func-
tion canbeapproximatedby a Gaussiandistribution. Sinceany Gaussianwith meanµ and
standarddeviation s Â hasthe propertythat f

¸

µ Ã s ÂÄ¹HÅ f
¸

µ¹Æº e» 1¼ 2, we may estimatethe
fuzzinessor thicknessof the shell from the two interceptswith e» 1¼ 2 in Fig. 4: s Â

» and
s ÂÈÇ . This can also be calculatedby noting that rD » 1

º eÉ

D » 1Ê ln r , expandingthe log by
ln

¸

x Ã 1¹ÌË x Á x2
Å 2 [59] andsettingrmax º 1. This leadsto s ÂÍË

1
À

2
É

D » 1Ê

whenrmax º 1.

For thecurvesin Fig. 4, s Â

» Î s Â

Î s ÂÏÇ .
The fD ¸

r ¹ functionis theprobabilitydensityfunctionof ac2 distributionfor thevariable
x º r2

Å s2 andD degreesof freedom[129,123]. Fig. 7 is essentiallyaseriesof c2 tests.The
curvesfor thelowerdimensionsarenamedafterwell known physicists:D º 1 is aGaussian
distribution [12, 14]; D º 2 is a Rayleighdistribution [123]; andD º 3 is a Maxwellianor
Maxwell-Boltzmannspeeddistribution [12, 13,14].

23 Appendix 4: GeneralTheory of Molecular Machines

A receiver is a device whosestateis determinedby anexternalsignal. In contrast,a simple
molecularmachinesuchasEcoRI is not directedto its after state(bindingsites)by anex-
ternalcommand.Encodingor decodinga communicationssignalalsorequiresamemoryto
recordthe signalasit is beingprocessed.Simplemolecularmachinesdon't have the nec-
essarymemory. For example,DNA in the groove of EcoRI actslike a key in a lock, with
therecognitionprocesstakingplacein paralleloverasurfaceof contactbetweenEcoRI and
DNA [10, 11, 20]. SinceEcoRI hasno recordof its previous boundandunboundstatesit
hasnorecordof its historyandcannothandlea timevaryingcommunicationssignal.

However, a time-encodedmessagecould be received, rememberedandprocessedby a
combinationof simple molecularmachines.Sucha “molecular receiver” could decodea
messageof thekind thatShannon's theoryis designedto handle.Sincethey couldbemade
insensitive to thermalnoiseby appropriatecoding, molecularreceivers are likely to play
an importantrole as the interfacebetweenhumansandarti�cial molecularmachinesand
molecularcomputers.It is notknown if any living organismscontainsuchdevices,although
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theprocessesof translation,cell movement,mitosis,embryonicdevelopmentandcircadian
rhythmsarecandidates.

Accordingto Fourieranalysis,a time varyingsignalmayberecordedasa seriesof dis-
cretesamples.If t is theperiodof therecordingandW is thehighestfrequency in thesignal's
spectrum,thentheoriginal signalmaybereproducedexactly if at least

dtime Ð

2tW (49)

samplesarerecorded[4, 61, 56]. Thispowerful resultis thebasisof digital-soundrecording
methodssuchasthecompactdisk [56].

If distinctstatesof a molecularreceiver aredeterminedby anexternalcommunications
signal,thenahighdimensionalspaceconsistingof

D
Ð

dspacedtime (50)

dimensionscanbeusedto describethecodingspaceof themachine.Themachinecouldtake
advantageof boththespatialandthetime dimensionsandwould operatein a “space-time”
wewill call Z space.

As in equation(31),we�nd thattheaveragetotalenergy for theentiremolecularreceiver
in Z spaceis Ñ

Ez Ò Ð Ó

1
2kBT ÔÖÕ D

Ð

tdspaceÓ

WkBT Ô (joules)× (51)

usingequations(49) and(50). Dividing bothsidesof (51) by t givesthetotal thermalnoise
for themolecularreceiver:

Nz Ø

Ñ

Ez Ò

t
Ð

dspaceÓ

WkBT Ô (joulespersecond)× (52)

Theprobabilitydensityis still givenby equation(48). Thespherevolume,which givesthe
capacity, dependson the radiusraisedto thedimensionthat the sphereis embeddedin, so
themaximumnumberof statesis:

Mz Ù

Vbef ore

Vaf ter
Ð Ú

Pz Û

Nz

Nz Ü

dspace2tW

× (53)

Thede�nition of themolecularreceivercapacityfollowsShannon'sde�nition exactly [4]:

Cz Ð

log2 Ó

Mz Ô

t Ð

dspaceWlog2 Ý

Pz Û

Nz

Nz Þ

(bitspersec). (54)
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Therelationshipof thisgeneralequationto thecapacityequationsin theothertwo theo-
riesis straightforward. If wesetdspace ß

1 to indicatethatthereis only onespatialdegreeof
freedom,weobtainShannon'sformula(equation(45)),andequation(52)becomesNyquist's
formula for thermalnoisein a singlewire [104, 124, 5]. If insteadwe settW

ß

1 (to indi-
cateacompletelackof long-termmemory)andusethetime independentcapacityde�nition
Cz ß

log2 à

Mz á

, we obtainthe formula for a simplemolecularmachine,equation(38), and
thethermalenergy formula(30) is obtainedfrom (51).

Thethreetheoriesaresummarizedin Table1. â Table
1Thecapacityof a molecularreceiver is mosteasilyunderstoodasthecapacityof dspace

parallelcommunicationschannels(compare(45) to (54)). Themethodof encodingin space
would thencorrespondto spreadingthecodingbits acrosstheparallelchannelsratherthan
spreadingthemout over time. Fromthis it is clearthatfor a givenerrorrateonecanreduce
therequiredencodinganddecodingtimeby increasingtheparallelism.
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Figure1: A gumballmachinedemonstratesspherepacking.
Theenclosinglargesphererepresentsa molecularmachinehaving high energy, while each
smallsphere(gumball)representsthemachinehaving low energy. Therearemany possible
low energy conformations.Themachineor channelcapacityis thelogarithmof thenumber
of smallspheresthatcan�t into thelargesphere.
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Figure2: Operationsof Two MolecularMachines.
A. Single-strandedDNA will hybridizeto becomeadouble-strandedhelix.
B. EcoRI will scanalong a DNA moleculeand then bind speci�cally to the sequence5 ã

GAATTC 3ã .
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Figure3: Geometryfor asimpleharmonicoscillator.
A possiblestateof a harmonicoscillatoris representedby point A. Its maximumvelocity is
r andits phaseis f . Thisstatemayalsoberepresentedby thecoordinateä x å yæ . Distancesin
this �gure haveunitsof velocity.
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Figure4: High DimensionalSphereDensity.
The sphere probability density as a function of radius, fD ç

r è , is drawn for D é

1 ê 2 ê 4 ê 8 êHëHëLëìê 1024dimensions(seeAppendix22). Exceptfor the Gaussiancurve (D é 1),
which passesthroughthe point (0,1), the curvesare“normalized” so that their peakspass
through(1,1).At higherdimensionsthecurvesapproachtheGaussiandistributionagainand
peaksharply. Thedashedline is at eí

1î 2, which intercepts“normalized”Gaussiandistribu-
tionsatonestandarddeviation from themean.
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Figure5: TheRayleighDistribution
Thecontinuousgrey-tonedistributionrepresentstheanalyticprobabilitydensity, f2 ï

r ð . Each
small opencircle ( ñ ) representsthe coordinatesof two normally distributedvalueswith
mean0 and standarddeviation 1. Eachnormally distributed value was the sum of 100
pseudo-randomnumberswith a �at distribution.
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Figure6: Simulationof a fourth-dimensionalsphere.
A four-dimensionalY spacewasprojectedonto the two-dimensionalspacerepresentedby
thepage.This is equivalentto a planecrosssectionthroughthespace[4]. Thecontinuous
grey-tone distribution representsthe analytic probability density, fD ò

r ó (equation(48) in
Appendix 22 and Fig. 4) for D ô 4 and s ô 1. Eachsmall opencircle ( õ ) represents
a numericalsimulationproducedfrom four normally distributedvalueswith mean0 and
standarddeviation 1 accordingto equation(29). Eachnormally distributedvaluewasthe
sumof 100pseudo-randomnumberswith a �at distribution.
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Figure7: Increaseof SphereSharpnesswith IncreasingDimensionality.
A seriesof sphereprojectionsareshown for D ö 4 ÷ 8 ÷LøHøHøG÷ 1024dimensions.The �rst one
is thesameasFig. 6, but reducedin size.Only 10,000Gaussianvalueswereprecalculated,
so thenumberof simulatedpointsthatcouldbecalculateddecreasedasthedimensionality
increased.
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Figure8: Geometryof ThermalNoiseSpheresin High DimensionalSpace.
Thebeforesphereis representedby theoutercircle,while theafter sphereis representedby
theline segmentCA. ùNy is ùBA or ùBC, with úûù Ny úýü þ Ny. ùPy is ùOB with úGù Py úýü þ Py. Seethe
maintext for furtherdescription.The�gure wasderivedfrom Shannon[4].
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Figure9: ÿ x ÿ

m �

ÿ y ÿ

m �

ÿ r ÿ

m .
Theequationis plottedfor m � 0 � 5 to m � 5 by incrementsof 0 � 1. Integervaluesof m are
indicatedby solidcurvesandothervaluesby dottedcurves.
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Figure10: CorrespondenceBetweenCommunicationTheoryandMolecularMachineGe-
ometry.
The �gure is the sameasFigure5 in [4] exceptthat the distancesaregivenas � Py, � Ny

and � Py �

Ny ratherthan � 2tWP, � 2tWN and � 2tW � P
�

N � .
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Channel MolecularMachine MolecularReceiver
CodingSpace Shannon Y Z
Degreesof Freedom dtime�

2tW 2dspace	

2 
 3n � 6� D
�

dspacedtime

Power P Py Pz

Noise N
�

WkBT Ny
�

dspacekBT Nz
�

dspaceWkBT

Power& Noiseunits J / sec J / op J / sec
Capacity C

�

Wlog2 
 P
 N � 1� Cy
�

dspacelog2 
 Py 
 Ny � 1� Cz
�

dspaceWlog2 
 Pz 
 Nz � 1�

Rate WsR R WsR
Capacity& Rate
units bits / sec bits / op bits / op - sec

Table1: InformationCapacityTheories
TheunitsareJ: joules;sec:seconds,op: operation.
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